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Introduction 



The effective topos Eff was discovered by Martin Hyland |Hyl82) in late 1970s. 
It is an elementary topos whose internal logic is governed by Kleene's number 
realizability [Kle45]. Because of this nature, it has been of interest for logic 
(constructivism) and computer science. This thesis deals with a topos-theoretic 
aspect of the effective topos: we study its (geometric) subtoposes. 

A distinguished example of subtopos of Eff is the category of sets, whose 
internal logic is of course classical mathematics. It is the subtopos correspond- 
ing to the (Lawvere-Tierney) topology and is the least non-degenerate 
subtopos. This gives us a rudimentary motivation for studying subtoposes of 
Eff: in the viewpoint of considering toposes as universes of mathematics, the 
non-degenerate subtoposes of Eff are the universes of mathematics between 
classical and 'effective' mathematics. A result that is sensible under this per- 
spective has been known already since ]Hyl82[ : the poset of Turing degrees 
embeds order-reversingly into the poset of subtoposes of Eff, with the degree 
of computable sets (the least degree) corresponding to Eff itself - so 'taking 
some oracle for granted' gets one closer to classical mathematics, as one might 
have expected^ 

On the other hand, not much more than this is known. Speaking of exam- 
ples, the following is the list of previously known (non-trivial) subtoposes of 
Eff (as far as the author is aware of). 

• The category of sets 

• The Turing degrees (references: ]Hyl82| and IPho89ll ) 

• The Lifschitz subtopos (references: BOos91L IOos96l and IOos08ll ) 

• An example by Andrew Pitts (reference: [Pit81 , Example 5.8]) 

In this thesis, we attempt to make a little advance upon this situation. 

In any topos, we can associate to any subobject of any object the least 
topology for which the subobject is dense, and any topology on the topos 
arises in this way0 In the effective topos, we may pay special attention to 
those topologies given by subobjects of -i-i-sheaves: we will call them basic 
topologies. The canonical topologies id, T, -1-1, as well as the example of Pitts, 
are instances of basic topologies (Section l3.3b . Every subobject of a -1-1-sheaf is 
as usual given by a set X and a function R : X — > PN (where PN is the power set 

'in Section l3^4l we will present a more complete overview of results we know about subtoposes 
given by Turing degrees. 

2 This will be explained in Chapter|2] 
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of N), and for the purpose of studying the associated topology we may view 
it just as the collection \R(x) \ x e X) e PPN. Internally in the effective topos, 
every topology will turn out to be an NNO-indexed join of basic0 topologies. 
As consequence, we can represent every topology by a function N — > PPN: this 
is the final kind of data we will use in this thesis to present concrete subtoposes 
of Erf. 

One fruit of our study is the establishment of new (basic) examples of 
subtoposes. Specifically we deal with the subtoposes given by the following 
collections e PPN. 

• For an ordinal a < co and a number m e N with 2m < a, we consider the 
collection 0®, = {A c a \ A is a co-m-ton in a}. 

• We consider the collection (J° = {the cosingletons in N}. 
The reader can expect following kinds of results. 

• The collections 0^ n yield infinitely many subtoposes. (Subsecfion l3.5.2t 

• The collection (J gives the largest proper basic subtopos. (Proposition 
13311 

• No subtopos of the form 0^ n is a subtopos of a non-recursive Turing degree 
subtopos. (Proposition 13 .5 . 1 91 

• No non-recursive Turing degree subtopos is a subtopos of a basic subto- 
pos. (Proposition l3.4.4b 

• The example of Pitts is a subtopos of every subtopos given by an arith- 
metical Turing degree. (Subsection 13.6.31 

It is crucial for making such calculations about subtoposes, to have an under- 
standable representation of corresponding topologies. The way we settle this 
issue will be the core of this thesis. We shall study a particular representation, 
due to Andrew Pitts, in more depth. We will introduce a tree-like structure, 
to be called sights, that clarifies, given a function j : PN — » PN representing 
a topology on Erf in the way of Pitts and a set p e PN, what it means for an 
element zeNto belong to the set j(p). Namely, the number z will turn out to 
be (a code of) a function acting on sights in an appropriate way. (Section [32) 

The text consists of three chapters, of which the first two have the nature of 
overview while the third one is an exposition of the research done. In Chapter 
1, we review some theory of triposes, that we use to present the effective topos 
and its subtoposes. In Chapter 2, we review some topos theory about Lawvere- 
Tierney topologies. In Chapter 3, we explain the way we present subtoposes of 
Eff, survey examples of subtoposes and prove results about them. 

Prerequisites 

It will be assumed that the reader is familar with basics of categorical logic, 
elementary topos theory and recursion theory. 

3 With a suitable definition of when internally a topology is 'basic': Definition B. 1.191 
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Preliminaries 



Notations and rules 

Formal langauge 

• A formula (a mathematical object) in a formal language is always context- 
sensitive. In other words, when we speak of a formula as mathematical 
object, the specification of free variables belongs to its data. 

• We may use the notation x, y, z. ■ ■ ■ to indicate which are the free variables 
in the formula being described. For example, one may write down a 
formula as follows. 

p,if.(p=>fl)=>(fe(p)=>%)) 

Using this notation (i.e. prepending a list of free variables) is not a 
requirement, but when this notation is used, we list all free variables 
of the formula to avoid confusion. 

• Given formal formulas <p, \p, we write <p = ip if they are equivalent (in an 
appropriate sense depending on the context). We may append a subscript 
to clarify the meaning: for example, if M is some structure in which <p, \p 
are interpreted, the notation <p =m ip would mean that the interpretations 
of <p and ip in M are (in an appropriate sense) equivalent. 

Recursion theory 

• We denote the relation of Turing reducibility by <r. 

• Let 1 < k e N. Given x\, . . . ,Xk e N, we denote as usual by (x\, . . . , Xk) 
the standard code of the k- tuple (x\, . . . , Xk). Let 1 < i < k. We denote by 
77* the 'z'-th projection' function N — * N, i.e. the function determined by 
the equation n^({xi, . . . ,x k )) = x ; . Given n e N, we write ri\ = n^ri) and 
n 2 = n\(n). 

Order theory 

• Given a preorder (P, <) and x, y e P, we write x = y if x < y and y < x, and 
speak of x and y being isomorphic. 

• Let P be a preorder, and let x, y e P. We denote by x Vp y, if exists, an 
arbitrary join of x and y in P. The subscript may be omitted. Similarly we 
employ notations <p, hp, => p , Tp, ±p, -ip, etc. 
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Set theory 



• As usual, the function application notation f(x) may just be denoted fx. 
We will make use of this simplication ubiquitously 

• Let X be a set. We denote by P(X) the power set of X, and by P*(X) the set 
P(X)\{0} of non-empty subsets of X. 

• Let X be a set. We denote by X* the set of finite tuples on X. 

• Let X be a set. Given a finite sequence s in X and an element xeX, we 
denote by x:s the sequence obtained by prepending x to s and by s:x the 
sequence obtained by appending x to s. Given sequences s,s', we denote 
by s * s' the result of concatenating s' at the end of s. 

• Let X, Y be sets. We denote by Ptl(X, Y) the set of partial functions X — v Y. 

• (Dependent sum) Let X be a set, and let (Y x \ x e X) be a family of sets. 
We denote by ^ Yr the set {(x, y) \ x e X & y e Y x }. 

xeX 

Miscellaneous 

• We (very) often use brackets just as an alternative for parentheses (for 
visual reasons). 

• The symbols A and V, when used as binary connectives, preceed =>. For 
example, T A Q => R' stands for '(P A Q) => R'. 

• On the notation '<=>': 'P o Q' means 'P => Q A Q => P'. 

• In the ordinary context as well as internally in a topos, we allow ourselves 
not to distinguish notationally between a function 1 — > X and an element 
of X. 



Possibly-undefined elements 

Definition. Let X be a set. A possibly-undefined element of X is either an 
element of X or something written f (pronounce: undefined). Let x be a possibly- 
undefined element of X. If x is an element of X, we say that x is defined and 
write x{. 

Notation. Let X be a set, and let x, x' be possibly-undefined elements of X. We 
write x = x' if x and x' are both defined and are equal (as elements of X). We 
write x — x' if either of x, x' being defined implies x — x'. 

The following Notation reinterprets our usual notation of partial function 
application in terms of the notion of possibly-undefined elements. 

Notation. Let / : X — * Y be a partial function, and let xeX. We denote by f(x) 
a possibly-undefined element: if f is defined on x, then f(x) denotes the value, 
and if / is not defined on x, then f(x) denotes f. 
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Recursion-theoretic operations on the set PN 

Notation. Given A,B e PN, define 

A => B - {e e N | for all n e A one has e(n) e B) 

AAB = {(a,b)\aeA&:beB} 

AvB = {(0,a) | a e A) U {(l,b) \beB). 

Let X be a set. We may denote the notation O as V. ve x, and [I as 3 ieE x- 

xeX xeX 



Preassemblies 

Recursion theory provides a notion of when a function N k — > N is computable 
(effective). In addition to this, we will need to speak of effectivity of functions 
between sets other than (powers of) N. In order to do this, we introduce the 
notion of pre-assemblies. 

Definition. A preassembly is a pair (X, E), where X is a set and E is a function 
X — » PN. The function E is called the encoding function. Given x e X, a 
number e E{x) is called a code or index of x. 

A preassembly (X, E) for which E(x) + for all x e X is called an assembly^ 

Notation. Let X be a set, and let x e X. As a "default symbolism", we may 
denote by Ex(x) or just by E(x) the code set of x under some encoding function. 
Under this practice, we may simply say that X is a preassembly. 

Definition. Let X, Y be preassemblies, and let / : X — Y be a partial function. 
We say that a partial recursive function <fi : N — »■ N tracks / (or that <p is a 
tracking off) if for all x e Dom(/) and d e E(x) we have c/>(d)J, and cp(d) e E(f(x)). 
We say that / is computable (or effective) if / has a tracking. 

Examples (of preassemblies). 

1. We view the set N as an assembly with E(n) = \n}. 

2. We view the set N* as an assembly with E{x\, ...,x n ) = {{n, (xi, x n ))}. 

3. Let X, Y be preassemblies. We view the set X x Y as a preassembly by 
E(x, y) = E{x) A E{y). 

4. Let X be a preassembly, and let (Y Y | x e X) be a family of preassemblies. 
We view the set ^ Y x as a preassembly by E(x, y) = E(x) A E(y). 

xeX 

5. Let X, Y be preassemblies. We view the set Ptl(X, Y) as a preassembly by 
E(f) = V. veD om(/)E(x) => E(/(x)). 

6. Let X be a preassembly, and let LT c X. We view the set LI as a preassembly 
by E u (u) = E x (u). 

Notation. Let X be a preassembly, and let x e X with E(x) + 0. We denote by 
r x~ l an arbitrary index of x. 

4 The assemblies form a full subcategory of the effective topos with rich structure, but we do 
not discuss this here. Our interest now is just in having a rigorous notion of effectivity of functions 
between sets other than powers of N. 
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Arithmetic in toposes 



For this discussion, let £ be a topos with a natural numbers object (N, 0, sue). 

Definition. The language of arithmetic is the untyped language consisting of 
a constant symbol and a unary function symbol sue. 

Notation. Let n e N. We denote the arithmetic term suc"(0) by n or just by n. 

Definition. We define a notion of 'interpretation' of the language of arithmetic 
in £ w.r.t. (N, 0,suc). The interpretation of the symbols and sue are respec- 
tively the maps : 1 — > N and sue : N — » N. The interpretation of a (first- or 
higher-order) arithmetic term/formula is the term/formula in the language of £ 
obtained in the obvious way from the notion of interpretation of the symbols 
and sue. 

Rule. Under the notion of interpretation just defined, we may notationally as 
well as narationally regard symbols/terms/formulas in the language of arith- 
metic as symbols/terms/formulas in the language of £. 

Now we can state as follows that the natural numbers object in every topos 
is a 'model' of the Heyting arithmetic. 

Proposition. The (second-order) Peano axioms (not including the Law of Excluded 
Middle) are true in £. 

Proof. Cf. [Bor941 Proposition 8.1.10]. □ 

Remark. For convenience, the language of arithmetic is often definitionally 
extended^] with a function symbol for each primitive recursive function. The 
way we interpret primitive recursive functions in £ is as follows. If / : N k -> N 
is a primitive recursive function, choose a formula <p(x, y) in the unextended 
language of arithmetic that provably defines /0 As (the interpretation in N of) 
the formula <p is primitive recursive, we have by ITD881 p. 128, (1)] that 

Heyting arithmetic I- Vx3\y<p(x, y). 

In particular, this last sentence is true in £. So by topos theory, there is a unique 
map / : N k -» N in £ such that 

6|= Vf eN k (p(xJ(x)). (1) 

We define the interpretation of / in £ to be the map f. This makes (the natural 
numbers object of) £ again a 'model' of the extended theoryQ 



5 in the sense of model theory 

6 I.e., for all*!,. . .,x k e N we have PA h <p(x^, . ..,x£,f(xi,...,x k )) and PA h Vx3!i/<^(x, y), where 
PA denotes as usual the Peano arithmetic. 
7 By which we just mean that {T) holds. 
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Chapter 1 

Triposes and their toposes 



We will not only deal with the effective topos, but also with its subtoposes. 
While every subtopos can be presented as a subcollection of the ambient topos, 
it is useful to present a subtopos of the effective topos as given by the tripos- 
to-topos construction on a suitable tripos, for dealing with its logic. For this 
reason, we review here some theory of triposes. 

1.1 Definition of tripos and first example 

We will present triposes basically in the style of [Oos08|. In I.e., the notion of 
tripos is relative to the choice of a category: a tripos is over some 'base category' 
C. Although the examples we will deal with are all triposes over the category 
of sets, the author believes that the generality of base category, if restricted to 
cartesian closed ones, adds little cognitive or notational complication. There- 
fore, we will also allow a (cartesian closed) base category. 

Following IOos08l . we will use the language of preorder-enriched cate- 
gories: 

Definition 1.1.1. A preorder-enriched category is a category C together with, 
for each pair A, B of objects of C, a preordering on the collection of arrows 
C(A, B), such that for every triple A, B, C of objects of C the composition mapping 

C(B, C)xC(A,B)^C(A,C) 

is order-preserving. Let C, D be preorder-enriched categories. A pseudofunc- 
tor F : C -» D is the data 

• for each object X of C, an object F(X) of D, 

• for each arrow / : X — > Y in C, an arrow F(f) : F(X) — > F(Y), 

such that 

• for X, Y e Ob(C), the assignment C(X, Y) -> £>(F(X), F( Y)) : / ^ F(f) is 
monotone, 

• for each object X of C, we have F(idx) = idf(x), 

• for arrows X — > Y and Y — > Z, we have F(g ° f) = F(g) o F(g). 
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Let F, G be pseudofunctors C — > D. A pseudo-natural transformation O : F 

G is the data 

• for each object X of C an arrow Ox : F(X) — > G(X) 
such that for every arrow a : X — > Y in C the diagram in T) 

fx 



F(X) 



G(X) 



F(a) 



F(Y) 



0\ 



G(a) 



G(Y) 



pseudo-commutes, i.e. commutes up to isomorphism. 

Example 1.1.2. A prototypical example of a preorder-enriched category is that 
of preorder sets and monotone functions with the pointwise preorder on hom- 
sets. We denote this preorder-enriched category by Preord. 

The notion of Heyting prealgebras will base our definition of tripos: 

Definition 1.1.3. A Heyting prealgebra is a preorder, that is (considered as a 
category) cartesian closed and has finite coproducts. A morphism of Heyting 
prealgebras is a function that preserves all the structures up to isomorphism. 
We denote by Heytpre the preorder-enriched category of Heyting prealgebras 
and their morphisms, with pointwise preordering on the horn collections. 

A Heyting prealgebra with specific structure is a tuple (H, <, A, V, =>, 0, 1) 
where (H, <) is a Heyting prealgebra and A, V, =>, 0, 1 are operations on H for 
meet, join, Heyting implication, bottom and top respectively. 

Now we define tripos. 

Definition 1.1.4. Let C be a cartesian closed category. A C-tripos (or a tri- 
pos over C) is a pseudofunctor P : C op — > Heytpre satisfying the following 
conditions: 

(i) For every C-morphism / : X — > Y, the map P(f) : P(Y) — > P(X) has (as a 
map of preorders) both a left adjoint 3f and a right adjoint Vy that satisfy 
the so-called Beck-Chevalley condition: if 




is a pullback square in C, then the composite maps of preorders Vf o P(g) 
and P(h) o Vj. are isomorphic. 

(ii) There is a C-object E and an element a of F(E) such that for every object X 
of C and every <p e P(X) there is a morphism [<p] : X — » E such that and 
P([c/)])(<j) are isomorphic elements of P(X). (Such a pair (E, cr) is called a 
generic element.) 
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We may call elements of P(X) predicates. 

A tripos with specific structure is a tripos P equipped with 

• for each object X of C, particular top, bottom, meet, join and implication 
operations on P(X), (so each P(X) is a Heyting prealgebra with specific 
structure) 

• for each arrow a : X — » Y in C, particular left and right adjoints to the map 
P{a) : P(Y) -> P(X), and 

• a particular generic element. 

We have defined triposes in two ways, one without and one with specific 
structure. These are clearly not the same notion, but it is obvious that "essen- 
tially" they should be. In order that all the discussions about triposes below 
can be applied to both notions of tripos, we introduce the following notation. 

Notation 1.1.5. Let (H, <) be a Heyting prealgebra, and let x,y e H. 

• We denote by an arbitrary bottom element. 

• We denote by 1 an arbitrary top element. 

• We denote by x A y an arbitrary meet of x and y. 

• We denote by x V y an arbitrary join of x and y. 

• We denote by x => y an arbitrary relative pseudo-complement of x w.r.t. 

y- 

In a situation where (H, <) underlies a Heyting prealgebra with specific struc- 
ture whose top, bottom, meet, join or implication operation is named by the 
symbol '0', '1', 'A', 'V' or '=>' respectively, we face a collision of notation. In 
such a case, we give priority to the namings for specific structure. 
Let P be a tripos without specific structure. 

• For each arrow a : X — » Y in C, we let B„ be any left adjoint of the map 
P(a) and V fl any right adjoint. 

• We let (E, a) be any generic element of P. 

Similarly to the case of Heyting prealgebras, if P underlies a tripos with specific 
structure and the notations 3(_), V(-) and (E, a) name the specific structure, these 
namings have precedence over the notation just introduced. 

From now on, the word 'tripos' can be understood as referring to either 
the notion of tripos without specific structure or the one with specific structure 
(unless explicitly designated) Q However, the notion of tripos we need in this 
thesis is always the one with specific structure. 

Let us proceed. The notion of tripos is designed to interpret a certain kind 
of logic. In the following, we survey the notion of formal language linked to 
triposes and how we interpret these languages in triposes. 

'But for psychological ease, one should not have two notions in mind simultaneously - just 
make a choice. 
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Definition 1.1.6. The notion of language we will consider depends on a cate- 
gory, which serves as a means of specifying the types and the function symbols 
in the language. Having this in mind, let C be a category with finite products. 

A C-typed (first-order) language (without equality) consists merely of a 
collection of typed relation symbols, with as types the objects of C. The 
function symbols are the arrows in C. 

Terms and formulas are defined as usual in (finitary) logic, respecting the 
modifiers 'C-typed', 'first-order' and 'without equality' appearing in the name 
for our notion of language. The interpretation of a term is defined in the 
obvious way as an arrow of C. Given a term t : (X\, . . .,X n ) — > Y, we will 
denote its interpretation Xi X . . . X X„ — > Y just by t. 

From now on, suppose that C is cartesian closed. Let P be a C-tripos. 
Given a C-typed language X, an interpretation of X in P associates to each 
relation symbol r in X on a tuple (Xi, . . .,X„) of types an element [[rj e P(XiX. . .x 
X„). Depending on an interpretation of X in P, the interpretation of a formula 
(p(x^ x x " ) is defined as an element ^cpj e P by induction on cp in the obvious 
way, with the following as the clause for the atomic case: given a relation symbol 
r on some (Yj , . . . , Y m ) and m terms h,..., t m : (Xj, . . . , X„) — > Yi , . . . , Y m , we put 
IKh, f m )l = P(h, fm)(M)Q The notation H may also be written as f-J 
for indicating in which tripos the language is interpreted. 

Depending on an interpretation of X in P, given a formula cp in X, we say 
that cp is true in P, and write P \= cp, if ^cpj e P(l) is a top element. We have 
soundness: for X a C-typed language and an interpretation of X in P, given a 
formula <p in X, if <p can b e proved in the intuitionistic predicate calculus, then 



There is a "universal" language associated to a C-tripos P: its collection of 
relations symbols are all the elements of the preorders P(X). This language is 
called the language of P, and obviously its relation symbols can be interpreted 
as themselves. 

The following is our first notion of morphism for triposes. Later, we shall 
also consider the notion of 'geometric morphisms' between triposes. 

Definition 1.1.7. A transformation P — > Q of C-triposes is just a pseudo-natural 
transformation, with P, Q considered as pseudofunctors C — > Preord (instead 
of C — > Heytpre). 

Notation 1.1.8. Let O : P — > Q be a map between triposes. Given X e Ob(C), 
we may denote the map Ox : P(X) — > Q(X) just by O. 

Finally, we introduce an (important) example: the Effective Tripos. 

Example 1.1.9. Let us equip the family PN^ = (PN X | X is a set) of sets with 
the structure of tripos. 

Let X be a set. We make the set PN X a Heyting prealgebra with specific 
structure, as follows. First, define a preordering < on PN X by 



2 In the last expression, '(fx, ■ ■ ■ ,t,„)' denotes the induced C-morphismXiX. . .xX„ —> YjX. . .xY, 
3 Cf. IOos08l Theorem 2.1.61. 



P^CpB 
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Next, define A, V, =>: PN x PN -> PN to be the functions whose point- 
wise operations are A, V, =>: PN x PN — > PN respectively^ Then the tuple 
(PN X , V, A, =>, PN, 0) is a Heyting prealgebra with specific structure. 

Let / : X — » Y be a function. Clearly, we have the 'precomposition with f 
operation PN^ : PN Y -> PN X . Given r e PN X , define a function 3 f (r) : Y — > PN 
by 

3/W(y) = 3. veX/w=y r(x) 
and a function Vy(r) : Y — > PN by 

V/(r)(y) = V*eX,/(x)=yK4 

The function PN^ : PN Y — > PN X zs fl morphism of Heyting prealgebras. The functions 
3/,Vy : PN X — > PN Y are order-preserving, and are respectively left, right adjoint to 
PN . Moreover, the Beck-Chevalley condition holds. Finally, the pair (PN,idpN) zs a 
generic element. 

Therefore we have a tripos. We define the Effective Tripos to be this tripos 
with the described specific structure. We denote it as ET. 

Notation 1.1.10. Let <p be an ET-sentence. Given neN, we write n Ih <p and say 
that n realizes <p if n e |[^>]|. We write ih <fi if some natural number realizes <p. 

1.2 The tripos-to-topos construction 

Throughout this section, let C be a cartesian closed category. 

The tripos-to-topos construction associates to each C-tripos P a topos C[P]. 
In this section, we will describe this construction and review basics about the 
topos C[P]. 

1.2.1 The construction 

Construction 1.2.1. Let P be a C-tripos. We proceed to define the associated 
category C[P]. 

A partial equivalence predicate on an X e Ob(C) is a predicate ~e P(X X X) 
such that 

(symmetry) P \= Vx,x'.x ~ x' => x' ~ x, and 
(transitivity) P |= Vx,x',x".X ~ x' A x' ~ x" => x ~ x" . 

An object of C[P] is a pair (X, ~), where X e Ob(C) and ~e P(X x X) is a partial 
equivalence predicate on X. 

Given an object (X, ~) of C[P] and a term t:X in the language of P, we denote 
by ex(f) be the formula t ~ t . 

Let (X, ~) and (Y, ~) be objects of C[P]. Given F e P(X x Y), we say that F is 
a functional predicate from (X, ~) to (Y, ~), and write F : (X, ~) — > (Y, ~), i£| 

(extensionality) P |= Vx, z', y, y'.x ~ x' A y ~ y' A F(x, y) => F(x', y') 

4 See Preliminary. 

5 One might think that the following formulas are appearing somewhat out of thin air. But they 
are not - we will see soon in Remark ll.2.i9l where they come from. 
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(single- valuedness) P \= Vx, y, y'.x ~xAy~yAy' ~ y' A F(x, y) A F(x, y') => y ~ y' 
(totality) P |= Vx.x ~ x => 3y.y ~ y A F(x, y). 

We write fr(F) for the P-sentence obtained as the meet of the three sentences 
above. Given functional predicates F, G : (X, ~) — > (Y, ~), we say that F is 
equivalent to G if 

p \= y x x , y Y .x ~ x A y ~ y => [F(x, y) <=> G(x, y)]. 

Clearly this is an equivalence relation. Given objects (X, ~) and (Y, ~) of C[P], 
a map (X, ~) — > (Y, ~) is an equivalence class of functional predicates (X, ~) — > 
(Y, ~). If F is a functional predicate, we denote as usual by [F] its equivalence 
class. 

Given functional predicates F : (X, ~) — > (Y, ~) and G : (Y ~) — > (Z, ~), we 
define their composite G o F to be the predicate 

Ix,z.By y .ex(y) A F(x, y) A G(y,z)] 6 P(X x Z). 

One easily verifies that G o F is a functional predicate (X, ~) — > (Z, ~). We 
define the composite [G] o [F] of maps to be [G o F]; one can check that this is 
well-defined and associative. 

Let / : X — > Y be a morphism in C. We denote by f the predicate 

[x,y./(x)~yleP(XxY). 

We say that / represents a map [F] : (X, ~) — > (Y ~) if the associated predicate 
/ e P(X X Y) is a functional predicate equivalent to F. One can verify that f 
represents a map (X, ~) — > (Y ~) if and only if 

P |= Vx, x' x .x ~x' => f{x) ~ f(x'). (1.1) 

We say that / is extensional (w.r.t. the objects (X, ~) and (Y ~)) if the condition 
I jl.H is satisfied. Given a term / : X — > Y in the language of P, we write ext(/) 
for the sentence Jl.lt . If a morphism / represents a map (X, ~) — > (Y ~) and 
a morphism g represents a map (Y ~) — > (Z, ~), then the composite morphism 
g o f represents the composite map, as one can verify. 

The last definition suggests that some, but not all, maps in C[P] are repre- 
sented by a morphism in C; it is usually nicefl whenever possible, to represent 
a map by a morphism (rather than by a binary predicate). Next we meet the 
first example of a map represented by a morphism. 

Given an object (X, ~), one sees that the morphism id : X — > X is extensional. 
By the identity map on (X, ~) we mean the map represented by the morphism 
id : X — > X; this map clearly behaves as identity w.r.t. the composition defined 
above. 

Finally, we define C[P] to be the category of objects, maps, composition and 
identity as just defined. 

Remark 1.2.2. There is a minor difference between the definition of the category 
C[P] in |Oos08] and ours. An objects of C[P] in I.e. are the same as ours, but a 
map there is an equivalence class of strict functional predicates instead of just 

6 This will become clear to the reader as we proceed. 
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functional predicates: these are functional predicates F that additionally satisfy 
P (= F(x, y) => ex(x, y). 

However, if F is a functional predicate then \x, y.ex(x, y)AF(x, y)] is clearly a 
strict functional predicate equivalent to F, and conversely every strict functional 
predicate is trivially a functional predicate. This gives an isomorphism between 
the category C[P] in our sense and the one in the sense of [Oos08 [. 

Also later, we will not require a predicate representing a subobject to be 
strict, unlike the traditional fashion. The reason I deviate from the traditional 
presentation at this is that our way leads to simpler and more coherent formu- 
lations of results about triposes. Corollary II. 2.16l below is a main showcase of 
this; one would appreciate the formulation there (of reducing^ formulas in C[P] 
to formulas in P) which is only possible because we do not require strictness. 

Notation 1.2.3. Let (X, ~), (Y, ~) be objects of C[P], and let /: X —> Y be a di- 
morphism. If f represents a map (X, ~) — > (Y, ~), we may denote that map just 
by/. 

Convention 1.2.4. Given that some symbol '/' stands for some map (X, ~) — > 
(Y ~), we will often name some C-morphism X — » Y representing the map / 
with the same symbol 



1.2.2 Topos structure 

Lemma 1.2.5. Let / : X — > Y be a C-morphism representing a map (X, ~) — > 
(Y ~). Then the map / : (X, ~) — > (Y, ~) is an epi if and only ifj 

P \= Vy y .ex(y) => 3x x .ex(x) A f(x) ~ y. 

The map / : (X, ~) — » (Y, ~) is a mono if and only if 

P \= Vx,x' x .ex(x,x') A f(x) ~ f(x') => x ~ x' . 

Proof. Left to the reader. □ 

Construction 1.2.6 (Terminal object). Consider a terminal object 1 of C, and 
the predicate T e P(l x 1). The pair (1, T) is a terminal object ofC[P]. In fact, 
for any object (X, ~), the unique C-morphism ! : X — > 1 represents the unique map 
(X, ~) -> (1, T). We will denote the object (1, T) by 1. 

Proof Clearly, T e P(l X 1) is a partial equivalence predicate on 1 e Ob(C). 
So the pair (1,T) is an object of C[P]. Let (X,~) be an object of C[P]. The 
unique morphism ! : X — > 1 in C represents a map (X, ~) — > (1, T), as we 
clearly have P |= Wx,x'.x ~ x' =>!(x)t!(x'). We now show that this is the 
only map (X, ~) — > (1, T). Let P be a functional predicate (X, ~) — » (1, T). 
Notice that P |= Vy, y' 1 .ex(y, y') => yTy'. Meanwhile, the 'totalness' of P says 
P |= Vx x .ex(x) => [3y x .ex(y) A F(x,y)]. So the 'single-valuedness' of P yields 
P |= Vx x Vy 1 .ex(x,y) => F(x,y). In turn, this gives P |= Vx x Vy 1 .ex(x, y) => 
[P(x, y) <=>!(x)T*], i.e., the predicate P and the morphism ! represent the same 
map, as desired. □ 

7 Those not familiar with this saying, will see soon. 

8 This is a deliberate habit serving as a means to prevent overflow of new names. 

9 The reader would recognize that the formulas appearing in this Lemma somewhat resemble 
the familiar characterizations of surjectivity and injectivity of functions. The precise connection 
will be unveiled soon in Remark ll.2,191 
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Construction 1.2.7 (Products). Let (X, ~), (Y, ~) be objects of C[P]. Consider the 
object (X x Y, ~), where (x, y) ~ {%' , y') = [x ~ x' A y ~ y'J. 

(a) This object, together with the maps (X x Y, ~) -> (X, ~) and (X xY,~)^ (Y, ~) 
represented by the projection morphisms, is a product of(X, ~) and (Y, ~). 

In fact: Given functional relations F : (W, ~) -> (X, ~) and G : (W, ~) -> (Y, ~), 
let (F, G) be the predicate onWx(XxY) defined by 

<F, G)(w, (x, y)) = [F(w, x) A G(a>, y)I. 

Then 

(b) (F, G) is afunctional predicate (W, -)->(Xx Y, ~), and represents the induced 
»wp<[F],[G]>:(tV,~)-»(XxY,~). 

Moreover, 

(c) if / : (W ~) — > (X, ~) and g : (W, ~) — > (Y ~) are representative C-morphisms, 
then the induced morphism (/, g) : W — > X x Y represents the induced map 
<[/],&]> :(W,~)^(XxY,~). 

We will denote the object (X x Y, ~) by (X, ~) x (Y, ~). 

Proof. Straightforward verifications. □ 

Construction 1.2.8 (Exponentials). Let (X, ~) and (Y, ~) be objects of C[P]. Con- 
sider the object (E XxY , ~), where 

F ~ G = [fr(F) A Vx, y.x ~ x A y ~ y => (F(x, y) <=> G(x, y))]. 

Consider the functional predicate Ev : (E XxY , ~) X (X, ~) — > (Y, ~) defined by 

Ev((F,x),y) = F(x,y). 

Then 

(a) iize ob/'ecf (E XxY , ~) together with the map [Ev] is an exponential (Y 
In fact, 

(W if a morphism F : (W x X) x Y — » E is afuctional predicate (W, ~) x (X, ~) — > 
(Y ~), t/jen f/ze corresponding morphism W — > E XxY represents the exponential 
transpose (W, ~) -> (E XxY , ~). 

Moreover, 

(c) if a morphism f : W x X — > Y represents a map (W, ~) x (X, ~) — > (Y, ~), f^en 
the functional predicate (W, ~) — > (E XxY , ~) giuen py 

io, G.Vx.ex(x) => G(x,/(a;,x)) 

represents the exponential transpose (W, ~) — > (E XxY , ~). 

We may denote the object (E XxY , ~) by (Y, ~) (X ~ ) . 

Proof. Straightforward verifications. □ 
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Construction 1.2.9 (Simply representable exponentials). In the spirit of the 
phenomenon that some maps in C[P] can be represented not only by a functional 
predicate but also by a C-morphism, some exponentials in C[P] have a simpler 
presentation (compared to the presentation given in the previous lemma). 
For (X, ~) and (Y, ~) objects of Set[P], consider the object (Y x , ~) where 

f~g= lex(f) A (Vxjc ~ x => f{x) ~ g(x))l 

Also consider the evaluation function ev : Y x X X — > Y, which 

(a) represents a map (Y x , ~) x (X, ~) — > (Y, ~). 

Soon we will encouter several cases where this simpler data, i.e. the object 
(Y x , ~) together with the map ev : (Y x , ~) X (X, ~) — > (Y, ~), is the exponential 
(Y ~) {x '~\ This is the case precisely if 

P |= VF 6 E XxY .fr(F) => 3/ 6 Y x .ext(/) A F ~ J (1.2) 

holds; we explain this as follows. 

Consider the function (-) : Y x — > E XxY :/•->/, which 

(W represents a mono (Y x , ~) — > (E XxY , ~). 

Then 

(c) zwe have a commuting triangle 

(Y x ,~)x(X,~) 

Hxid 

(E x x Y ~)x(X,~)i5xl(Y~). 

Therefore (Y x , ~) and ev : (Y x , ~) x (X, ~) -» (Y ~) are the exponential (Y ~) (X '~' 
if and only if the map (— ) is epi, which is^| the case precisely if (|1.2|l holds. 

(d) If F : (W,~) x (X, ~) — * (Y~) is afunctional predicate, then the functional 
predicate (W, ~) — > (Y x , ~) gzcen foy 

g.Vx.ex(x) => F((w, x), g(x)) 

represents the transpose map. 

(e) If f : (W, ~) X (X, ~) — » (Y, ~) is an extensional morphism, then the transpose 
morphism f* : W — > Y x represents the transpose map (W, ~) — > (Y x , ~). 

If the object (Y x , ~) underlies the exponential, we may denote it by (Y, ~)^ x, ~'. 

Praqf. Routine verifications. □ 

Construction 1.2.10 (Subobject classifier and power object). Consider the object 
(E, <=>), where <=>e P(ExE) is the predicate Hp, q.p <=> qj. Consider the morphism 
true : 1 — > E, representing T e F(E). 




10 see Lemma [L231 
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(a) The object (E, o) together with the map true : 1 — > (E, <=>) is a subobject 
classifier ofC[P]. 

(b) Every map (X, ~) — > (E, can be represented by a morphism, and this holds 
even in the following internal sense 

E 

P \= VF 6 P(X x E).fr(F) -» 3/ e E x (ext(f) A F ~ /). 

(c) 2fM : (W, ~) — > (X, ~) z's afunctional predicate representing a mono, then the 
morphism X — > E given by 

x3w e Wffl ~ w A M(ro, x) 

represents the characteristic arrow of the mono [M] : (W, ~) c — > (X, ~). 

(d) If r : (X, ~) — > (E, <=>) z's a extensional morphism, consider the object (X, ~) 
where 

x ~ x' = r(x) A x ~ x'. 

Then the function id : X — » X represents a mono (X, ~) — > (X, ~), anrf f/ze 



(X~) 



id 



(X~) 

z's (3 pullback. 
Proof. Straightforward verifications. 



true 



(E,o) 



Remark 1.2.11. The statement ll.2.10f b) tells us that given any object (X, ~) the 
exponential Q^ x, ~' is simply representable in the sense of Construction [LZ9] 

Theorem 1.2.12. The category C[P] is a topos. □ 



1.2.3 The internal logic of C[P] 

We now review how to represent formulas in the language of the topos C[P] as 
formulas in the language of the tripos P, so that eventually satisfactions of the 
form C[P] (= • • • reduce to satisfactions of the form ?(=•••. 

Proposition 1.2.13. Let (X, ~) be an object of C[P]. The predicate ~e P(X x X) 
represents the equality relation = on (X, ~) X (X, ~). 

Proof. Since we tautologically have P |= Vs, t XxX .s ~ t => s ~ t, the predicate 
~e P(X X X) represents a subobject of (X x X, ~). This subobject contains^! the 
mono id : (X x X, «) — > (X x X, ~), where sx:f = s~sAs~f\ But this mono 
is isomorphic to the mono (idx, idx) : (X, ~) — > (X X X,~), as the morphism 
(idx, idx) :X^XxX gives the isomorphism by the following observations. 



u cf. (ED. 

12 See Construction ll.2.101 
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• P |= Vx, y e Xx ~ x A y ~ y => [(idx, id x )(x) « (idx, id x )(y) => x ~ y]. 

• P |= Vs e X x Xs as s => 3x e X(id x , id x >(x) » s. 

• (X*HxxX) = (X^XxX^XxX). 

But the latter mono, which is the mono (id(x ~), id(x,~)) : (X, ~) — > (X, ~) x (X, ~), 
belongs by topos theory to the relation = on (X, ~) x (X,~). The conclusion 
follows. □ 

Lemma 1.2.14. Let A, B be subobjects of an object (X, ~), and let a, b e P(X) 
represent A, B respectively. We have A < B if and only if 
P |= Vx.x ~ x =» (fl(x) => fo(x))0 

Proof. We have 

A<B 

if and only if (convince yourself!) 

id : X — > X represents a map (X, ~) — > (X, ~) 
if and only if 

P |= Vx, x'.a(x) A x ~ x' fo(x) A x ~ x' 
if and only if 

P |= Vx.x ~ x ^> (fl(x) => fc(x)) 
as desired. □ 
Proposition 1.2.15. Let (X, ~), (X ~) be objects of C[P]. 

(a) The Heyting operations on Sub(X, ~) are given by the Heyting operations on 
P(X), in the sense: for exmaple, if predicates a,b 6 P(X) represent subobjects of 
(X, ~) then a Kb represents sub(a) A sub(fr). 

(b) The 'pullback along a morphism' operation Sub(Y, ~) — > Sub(X,~) is given 
as follows: if a morphism f : X — > Y represents a map (X,~) — > (Y, ~) and 
some b e P(Y) represents some B e Sub(X, ~), then P(f)(b) e P(X) represents 
f(B)eSub(X~). 

Let us denote by n the projection morphism XxY^Y. 

fc) If some a e P(X x Y) represents some A e Sub((X, ~) x (Y ~)), Jy.Vx e 
X.ex(x) => «(x, y)J e P(Y) represents V„{A). 

(d) If some a e P(X x Y) represents some A e Sub((X, ~) x (Y -)), f^ew \y.3x e 
X.ex(x) A «(x, y)J e P(Y) represents 3„{A). 

13 You will soon see why the latter is a natural, not an ad hoc, formula. 
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Proof. Let a, b,c e P(X). 

(a) We have sub(_L) < sub(a) iff P \= Vx.ex(x) => [± => a(x)], but the latter is 
trivially true. Therefore sub(_l_) is the bottom element of Sub(X, ~). Similarly, 
sub(T) is the top element of Sub(X, ~). 

We have: sub(a) < sub(&Ac),if andonlyif P \= Vx.ex(x) => [a(x) => b(x)Ac(x)], 
if and only if P \= Vx.ex(x) => [a(x) => b(x)] and Vx.ex(x) => [a(x) => c(x)], if and 
only if sub(a) < sub(b) and sub(fl) < sub(c). Therefore sub(b A c) is the meet of 
sub(b) and sub(c). Similarly sub(b V c) is the join of sub(b) and sub(c). 

We have: sub(a) Asub(b) < sub(c), if andonlyif P \= Vx.ex(x) => [a(x)Ab(x) => 
c(x)] r if and only if P \= Vx.ex(x) => [a(x) => (fr(x) => c(x))], if and only if 
sub(fl) < sub(b => c). Therefore sub(fr) => sub(c) = sub(b => c). 

(b) We know (topos theory) that char(/*(B)) = char(B) o f, so this map 
(X, ~) — > O is represented by the composite morphism b o f : X — » E. So 
P(b o f)(o) = P(f)(P(b)(o)) = P(f)(b) represents f*(B). 

(c) Let b e P(Y) represent some B 6 Sub(Y,~). We want: 7i*(B) < A iff 
B < ly.Mx e X.ex(x) => a(x,y)J. The LHS holds, if and only if P \= V(x,y) e 
X x Y.ex(x, y) => [b(n(x, y)) => a(x, y)], if and only if P \= Vy e Yex(y) => [fr(y) => 
Vx x .ex(x) => a(x, y)], if and only if the RHS holds, as desired. 

(d) Let b e P(Y) represent some B e Sub(Y, ~). We want: [y.Bx e X.ex(x) A 
«(x,y)]] < Biff A < n(B). The LHS holds, if and only if Vy Y .ex(y) => [3x x (ex(x)A 
a(x, y)) => b(y)], if and only if V(x, y) XxY .ex(x, y) => [a(x, y) => b(n(x, y))], if and 
only if the RHS holds, as desired. □ 

Corollary 1.2.16. Let <p(x), \p{x) be C[P]-formulas (their free variables are x), and 
let (p'(x),ip'(x) be P-formulas such that (the interpretation of) (p',4>' represent 
(the interpretration of) <p, ip respectively. 

• The C[P]-formula (p(x) A \p(x) is represented by the P-formula (p'(x) Aip'(x). 

• The C[P]-formula <p(x) V \p(x) is represented by the P-formula (p'(x) Vip'(x). 

• The C[P]-formula <p(x) => ip(x) is represented by the P-formula <fi'(x) => 
f{x). 

• The C[P]-formula -«p{x) is represented by the P-formula -*<p'(5t). 

Let (p(x,y) be a C[P]-formula, and let cp'{x,y) be a P-formula that represents 
(p(x,y). 

• The C[P]-formula x. Vy' Y ~'^)(x, y) is represented by the P-formula x.Vy Y .y ~ 
y^x/>'(x,y). 

• The C[P]-formula x.3y' Y ~'^)(x, y) is represented by the P-formula x.3y Y .y ~ 
yAcp'(x,y). a 

Construction 1.2.17. Let <p be a C[P]-formula. Given for each relation symbol 
appearing in <ft a predicate from P representing it, we may build from the C[P]- 
formula <p an associated P-formula inductively as suggested by Proposition 
11.2.131 and Corollary 11.2.161 We call the resulting C[P]-formula the standard 
translation of <p, and denote it by j P/c ' p ^!. Clearly, the P-formula f lc ^<p\ repre- 
sents the C[P]-formula (p. □ 

Proposition 1.2.18. Let cp be a sentence in C[P], and let (p' be a sentence in P that 
represents (p. Then C[P] |= cp iff P \= cp'. 
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Proof. We have 



C[P] N cp 

iff 

the characteristic map 1 — > (E, <=>) of </> equals the map true 
iff (since cp' , regarded as a morphism 1 — > E, represents the characteristic map) 
P |= V* e 1. *T* => (0' <=> T) 

iff 

P !=</>' 

as desired. □ 

Remark 1.2.19. Construction [L2J] and Lemma [L23] involved a number of for- 
mulas in the language of P that resembled familiar statements from set theory, 
but were not exactly the same. The previous Construction and Proposition 
explain them now completely: we see that these P-formulas are results of ap- 
plying the construction j p / c [ p l • ! to the C[P]-f ormulas that are exactly the relevant 
statements from set theory. 

1.2.4 Derived structures in the topos C[P] 

In 31.2. 2l we have given a presentation of the core structures (product, exponen- 
tial, subobject classifier) that make the category C[P] a topos. We know from 
topos theory that these structures connote many other categorical structures 
(e.g. limits), and it is our interest now to present such 'derived' structures of 
C[P]. Usually we define categorical structures in terms of universal properties, 
but in toposes they can as well be characterized using the internal logic. The ad- 
vantage of the logical characterization, in our case of the topos C[P], is that we 
immediately obtain a presentation of the structure using the 'logic machinary' 
from 31.2.31 So our work below will mainly be some topos theory of giving a 
logical description of the structure we are interested in. 

Power objects 

From topos theory we know that the power object PX is the exponential Q x , in 
the way that the evaluation map X x Q x — > Q is the map e: X x PX — > Q. So 
given any object (X, ~) in C[P], any presentation of the exponential 0^ x, ~' gives 
a presentation of the power object P(X, ~). 

Notation 1.2.20. We shall denote by P(X, ~) the object OF~\ 
Partial map classifiers 

Definition 1.2.21. In a category, a partial map X — >■ Y is a pair (U,f), where U 
is a subobject of an object X and / is a map U — > Y. 
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Let Y be an object of a category. A partial map classifier of Y is an object Y 
and a monomorphism r\ : Y e — » Y with the following property: for every partial 

map X <— 3 LT — » Y there is unique map / : X — > Y such that the square 




is a pullback. 

In a topos, every object has a partial map classifier. The following proposi- 
tion proves this, providing a construction described using the internal logic. 

Proposition 1.2.22. Let £ be a topos, and let Y be an object in £. Let 

Y = [Ae P(Y) | Vy,y' e Y.y e A A / e A => y = y'), 
and let rj be the map Y — > Y defined internally by 

r/(y) = {y' e Y \ y' = y). 

Then rj : Y — > Y is a partial map classifier of Y. In fact, if X A 1 U — > Y is a partial 
map, then the map / : X — > Y defined by 

/(x) = {y 6 Y | 3m e II?«(m) = x A /(m) = y\. 

is its characteristic map. 

Proof. Elementary topos theory. □ 
Equalizers 

In any topos, if /, g : X — » Y are parallel arrows, then the subobject 

[x e X | /(x) = g(x)} ~ X 

is their equalizer. So, if /, g : (X, ~) — > (Y, ~) are extensional morphisms, then 
the extensional morphism id : (X, ~) —> (X, ~), where the notation ~ is from 
C onstruction 11.2.101 and 

r(x) = f(x) = g(x), 

represents the equalizer of the maps given by f,g. Similarly, if F, G : (X, ~) — > 
(Y ~) are functional predicates, then the extensional morphism id : (X, ~) — » 
(X, ~), where 

r(x) = 3y Y .ex(y) A F(x, y) A G(x, y), 
represents the equalizer of the maps given by F, G. 
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Pullbacks 

In any topos, if / : X — » Z and g : Y — > Z are arrows, then the subobject 

{(x,y) e X x Y | /(x) = g(x)} «XxY 

is their pullback. So, if / : (X, ~) — > (Z, ~) and g : (Y, ~) —* (Z, ~) are extensional 
C-morphisms, then 

• the object (X x Y, ~) with r(x, y) = lf(x) = g(y)J, together with 

• the C-morphisms n x : (X x Y r ~) -> (X, ~) and n Y : (X x Y, ~) -> (Y, ~) 
represent the pullback of / and g. 

Colimits 

Construction 1.2.23. Let (X, ~) be an object, and let <jf>(x) be a P-formula on X. 
The formula 

(p st (x) := ex(x) A <^)(x) 

is called the strictization of <p [w.r.t. (X, ~)]. We claim of this construction the 
following properties. 

(a) The formula cp st is strict w.r.t. (X, ~), i.e., 
P \= Vx x .cp st (x) => ex(x). 

(b) The formulas cp and (p st represent the same subobject of(X, ~), i.e., 
P \= Vx x .ex(x) => [(p(x) o (p st {x)]. 

Proof. Immediate. □ 

Let us now learn how to present quotients in C[P]. 

Proposition 1.2.24 (Presentation of quotients). Let (X, ~) be an object of C[P]. 
Let ~e P(X x X) strictly represent an equivalence relation on (X, ~). 

(a) The predicate ~ is a partial equivalence predicate on X. 

(b) The C-morphism idx : X — » X represents a map (X, ~) — > (X, «), and this map 
is the quotient map (X, ~) — > (X, ~)/ «. 

Proof. Straightforward to verify. □ 

1.2.5 Closure transformations and local operators 

In topos theory we have the notion of geometric morphism between toposes, 
and it is clearly important to us since we are interested in the 'inclusions' into 
the topos Eff in the sense of geometric morphisms. There is an analogous (and 
related) theory of 'geometric morphisms' for triposes, and we review here a 
portion of this theory in so far as relevant to usl 14 l 

14 One can find a more extensive account in IOos08i Section 2.5]. It includes essentially every- 
thing we discuss here, but be aware that some presentation of ours (notably Construction 11.2. 29t 
deviates from I.e. to suit our purpose. 
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Briefly the key points of this subsection are as follows. We will (i) discuss that 
the 'subtriposes' of a tripos P correspond to the subtoposes of the topos C[P], 
(ii) particularly describe a construction of obtaining from a representation j of 
a local operator on C[P] a subtripos P; of P such that C[Pj] is the corresponding 
subtopos, and (iii) see how the logic of Pj (hence that of C[Pj]) reduces to the 
logic of P. 

Let us first recall what geometric morphisms and subtoposes of toposes 
were, and define to the counterpart notions for triposes. A geometric morphism 
£ — > f of toposes is a pair (/», /*), where T and f : f — > £ are functors 

such that f H /» and moreover /* preserves finite limits; the functor /» is called 
the dz'rect /wage part and f the inverse image part of the morphism. A geometric 
inclusion is a geometric morphism whose direct image functor is fully faithful. 
A subtopos of a topos £ is an isomorphism class of geometric inclusions into £. 

Definition 1.2.25. Let C be a cartesian closed category. A geometric morphism 

P — > Q of C-triposes is a pair (0+, + ), where 0+ : P — > Q and O" 1 " : Q -> P are 
transformations of triposes such that for each X e Ob(C) we have (0 + )x H ( ( l ) +)x 
and the preorder map (0 + )x preserves finite meets; we call 0+ the direct image 
part and + the inverse image part. A geometric inclusion of triposes is 
a geometric morphism whose direct image transformation is componentwise 
fully faithful (i.e. not only preserves but also reflects the preorder). A subtripos 
of a C-tripos P is an isomorphism class of geometric inclusions into P. 

Then we proceed to the notion of 'closure transformation' on a tripos, which 
is an important ingredient in the matter of presenting subtriposes. It is in a sense 
-presentationally as well as mathematically- analogous to local operator on a 
topos, as we will see. 

First we consider a definition, which is an abstraction saving us from re- 
peating the 'same' axioms in the coming definitions of local operator on a topos 
and of closure transformation on a tripos. 

Definition 1.2.26. Let (P, <) be a Heyting prealgebra. A function j : P — > P is 
a closure operator on P if one of the following two (constructively) equivalent 
conditions 

(0 T<;'(T) (j!) p<j(p) 

(ii) j(p A q) s j(p) A j(q) {ii') j(p => q) < (j(p) => j(q)) 

(iii) j(j(p)) = j(p) (iif) j(j(p)) < j(p). 

are satisfied^ 

Proof (of the equivalence). First, we consider the 'monotonicity' condition 

(p => q) < jip) ^ j(q). (1.3) 

Clearly, this follows from the 'meet-preservation' (ii) as well as from (i') and 
(ii'). So ( |1.3t is a consequence of the LHS axioms as well as of the RHS ones. 

Let us prove 'left to right'. Using (i), \13\ and the Heyting implication 
property, we have p = (T => p) A j(T) < j(p); this shows (i'). To show (ii') is to 

15 The use of stating two characterizations is obvious: when proving that something is a closure 
operator we can choose one of the two, and when proving something given a closure operator we 
can use the properties from both characterizations. 
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show j(p => q) A j(p) < j(q). But indeed, by (ii), dl -3b and the fact (p => <j) A p < q, 
we have j(p q) A j(p) s => A p) < ;(<?) as desired. Finally, (iii') is 
immediate from (iii). 

Let us prove 'right to left'. First, (i) is a special case of (i'). Let us show (ii). 
Since p A q < p, we have by (i') that j(p A q) < j(p). Symmetrically, j(p A q) < j(q). 
This yields '<'. To show '>' is to show /(p) < j(q) => j(pAq). Since p < q => (pAq), 
we have by dl -3b and by (ii') that Hp) < j(q => (pAq)) < j(q) => j(p A q), as desired. 
This shows (ii). Finally, (iii) is immediate from (i') and (iii'). We are done. □ 

It is very useful to be aware of the following properties. 

Lemma 1.2.27. Let (P, <) be a Heyting prealgebra, and let j : P — > P be a closure 
operator. 

(a) p => q < j(p) => j(q). 

(b) j(p ^ j(q)) <p^> j(q). 

(a) We have already observed this in the previous proof, (b) By (ii'), we have 
j(p => ;(?)) ^ ;(P) ^ /;'(?)• b Y (0 an d (iii'), we have j(p) ^ jj(q) <p^> j(q). The 
conclusion follows. 

Now, we can characterize a local operator, or (Lawvere-Tierney) topology, on a 
topos £ as a map Q — > Q that is internally a closure operator on the Heyting 
algebra (Q, =>). Recall that given a topology / on a topos £, the full subcategory 
Sh/(£) of £ underlies a geometric inclusion into £, and that every subtopos of 
£ arises in this way from a unique topology on £. Let us see an analogy of this 
on the side of triposes, in the following Definition and Construction. 

Definition 1.2.28. Let P be a tripos over a cartesian closed category C. A closure 
transformation on P is a transformation O : P — > P such that for each X 6 Ob(C) 
the function Ox : P(X) — » P(X) is a closure operator. 

Construction 1.2.29. Let C be a c.c. category, and let P be a structure-specified 
C-tripos. 

Given a closure transformation O ; p — > p r we are about to construct a 
geometric inclusion of a structure-specified tripos into P. For each object X of 
C, consider a relation <<p on P(X) given by p q <=> p < Ox(<j)- We let P®(X) 
be the tuple (P(X), <$, T<p, . . .) where 

To = T 

J-O = -L 

p Aq,q = p A q 

pV^q = pV q 

P^a>q = P => X (^). 

For each C-morphism / : X — > Y, define functions P<d(/) : P(Y) — > P(X) and 
B*, V* : P(X) -> P(Y) by 

P(f) 
V/o$ x . 
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Finally, let (Z<j>, a®) = (Z, a). Then these data (P<$, 3°, V*, Zo, a form a structure- 
specified tripos, and the pair (<5, Id) is a geometric inclusion Pq >— > P. 

Proof. Routine verifications. (This construction is essentially [Pit81 Remark 
5.2(ii)]. A different construction, that results in the equivalent inclusion, is 
described in HOos081 p.96-97].) □ 

Construction 1.2.30. Let j : Z — > Z be a topology-representing C-morphism. 
We associate to a Py-formula cp a P-formula \ p ^ p '(p\, as in the following clauses F*l 

Given r e P(_), we define \ P/Pi r\ = r. 



p l p i(P A !//! 


= r><p 


! A fl p i^\ 


p / p i<p v ip\ 


= r><p 


! V f /p 'ip\ 


p/p <cP => ip 


= f\ 


pi =» /(i^ 



i P/p 'Vx x .(|)(x,y)! = Vx x .j(\ p/p i<p\) 

■ p l p >3x x .cb{x,y)\ = 3x x .- p l p i<p\ 

Note that if is a sentence, then so is j ' ' (pi We have P \=(p iffP |= j(i P/P '<|>!)- 

Proof. For clarity, let us use the notation [ • ■]] for the interpretations of P;- 
formulas and |[ p - • •]] for the interpretations of P-formulas. 

Clearly we have [ '(pj = I j '<£!]] by the previous Construction. Therefore: 
Pj \= <p iff t p = Tj <j fi(pj iff t p < P yf^j = /[ P i p/P ^!] = I p ;(i P/p '-<£!)] iff 
P |= j(\ P/Pj (pl), as desired. □ 

Proposition 1.2.31. Consider the mutual mappings 

closure transformations on P ^ geometric inclusions into P 

O ^ P<p 1 — 4 P 
+ oO + «-i (0 + ,0 + ). 

TTzese comprise an equivalence ofpreorders. Hence a subtripos of P is precisely an 
isomorphism class of closure transformations on P. 

Proof. Straightforward verifications. (Cf. IIOos08l Theorem 2.5.11(ii) on p.971.) 

□ 

Construction 1.2.32. Let C be a c.c. category, and let P be a C-tripos. 

Given a C-morphism j : Z — > Z representing a local operator on C[P], we are 
about to construct a closure transformation on P. For each X e Ob(C), consider 
the association 

P(X) -> P(X) 
r i — > /or. 

TTzz's constitutes a closure transformation on P. We will denote this closure trans- 
formation just with j. 



16 Compare these to the clauses in the previous Construction. 



27 



Proof. Straightforward verifications. (Cf. IPit811 Remark 5.2(i)] or IOos081 
p.96].) □ 

Proposition 1.2.33. We have an equivalence ofpreorders 

C-morphisms E — > E , r _ 

,. r , , „ r „, ^± closure transformations on P 

representing a topology on C[P\ J 

i >-» ; 

On (id) <-h O. 

Hence, under these associations, a local operator on C[P] is precisely an iso- 
morphism class of closure transformations on P. 

Proof. Straightforward verifications. □ 

Construction 1.2.34. Let (0+,0 + ) : P — > Q be a geometric morphism of C- 
triposes. 

(a) We have a functor 

0*:C[Q] -» C[P] 

(X,~) h» (XO + (~)) 
F + (F). 

(W Zf a C-morphism f : X — > Y represents a map [F] : (X, ~) — > (Y, ~) in C[Q], 
frten / represents the map [0 + (F)] : (X, <J> + (~)) -> (Y, + (~)) in C[P]. 

(c) The functor O* preserves finite limits. 

(d) The functor O* tos a rig/zf adjoint. 

We shall denote an arbitrarjQ right adjoint of O*. So the pair (O,, O*) is a 
geometric morphism C[P] — > C[Q]. 

Proof, (a) See IOos08l the Remark below Definition 2.5.5]. (b) Left to the reader, 
(c) This is HOos08l Proposition 2.5.6]. (d) This is IOos08l Theorem 2.5.8(i)]. □ 

Proposition 1.2.35. Let C be a c.c. category, let P be a tripos over C and let 
j : E — > E represent a local operator on C[P]. 

We have an equivalence of categories 

C[Pj] - Sh ; (C[P]) 

(X,~) » (X,/o~) 

F joF 

(X,~) «-, (X,~) 

F F. 



17 In IOos08l , a specific construction of the right adjoint functor is given. In this thesis we do not 
need it. 
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This equivalence underlies that the square 

1 >"> Shy(fi) 



C-morphisms E — > E 
representing a topology on C[P] 



geometric inclusions into C[P] 

(1.4) 



geometric inclusions into P 



closure transformations on P 
commutes up to equivalence. 
Proof. Straightforward verifications. 
Corollary 1.2.36. The notions 

• subtripos ofP (i.e. isomorphism class of geometric inclusions into P) 

• isomorphism class of closure transformations on P 

• local operator on C[P] 

• subtopos ofC[P] (i.e. isomorphism class of geometric inclusions into C[P]) 
are the same under the associations specified at dl.4t Pl 

Proof. Clear. 



1.3 The effective topos 

Definition 1.3.1. The effective topos is the topos Eff := Set[ET]. 
1.3.1 The functor V : Set -» Eff 

Notation 1.3.2. Let U c X be an inclusion of sets. We denote by the function 
X -> PN defined by 

„ , , f N if x e U 

otherwise. 

v 

We also write U instead of Vy. 
Definition 1.3.3. The associations 



Set -> 

X ^ 



Eff 



comprise a functor. We will denote this functor by V. 



18 Of course, we knew already since Proposition ! 1 ,2 , 33l that these notions are the same. The point 
of this corollary is that it is so under the associations 11.4) . 
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Proof. Given a set X, the function =e PN XxX is clearly a partial equivalence 

predicate on X. Any function/ : X —> Y clearly represents a map (X, =) — > (Y, =). 
Given a set X, we know that the identity function idx on X represents the 
identity map on (X, ~). Finally given functions / : X — > Y and g : Y — > Z, we 

/ g 

know that the function composite X — > Y ^ Z represents the map composite 
(X, =) (X =) (Z, =). This verifies that we have a functor. □ 

Proposition 1.3.4. We consider the functor V : Set — > Eff, and the global 
sections functor T : Eff — > Set. The pair (V, T) is a geometric inclusion Set c — > 
Eff, and this subtopos corresponds to the topology -1-1. 

Proof. Left to the reader. (Cf. IOos08l .) □ 

Notation 1.3.5. By the previous Proposition, we have canonical bijections 

X « Set(l, X) = Set(r(l), X) = Eff(l, V(X)). (1.5) 

Let X be a set, and let x £ X an element. We will denote the point of the object 
V(X) corresponding x under the bijection 11. 5\ just by x. 

1.3.2 The natural numbers object 

Proposition-Notation 1.3.6. Let (X, E) be a preassembly. Then the function ~: 
X — > PN defined by 

\E(x) ifx — x' 
otherwise 



is a partial equivalence predicate. We may view the preassembly (X, E) as the object 
(X, ~) in Eff. □ 

Proposition-Notation 1.3.7. The assembly N, the element e N and the successor 
function N — > N give a natural numbers object in Eff. We denote by N the object 
in Eff associated to the assembly N. □ 

1.3.3 The toposes Eff ; 

Notation 1.3.8. Let ;' : PN — > PN be a function representing a topology on Eff. 
We denote by Eff ; - the topos Set[ET,]. 

Proposition 1.3.9. Let j : PN — » PN be a function representing a non-degenerate 
topology on Eff. 

(i) Let (p be an ET-sentence. Then ET |= j((p) if and only if ET |= (p. 

(ii) Let (p be an Eff-sentence. Then Eff \= j(cp) if and only if EH \= (p. 

Proof, (i) Since j represents a non-degenerate topology, we have for p e PN that 

j(p) = if and only if p = 0. 
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Therefore: ET |= j((p) iff lj((p)] * iff l<pj * iff ET (= <p, as desired. 

(ii) Indeed: Eff (= /(</>) iff ET |= [ E ff/'(<£)] iff ET |= /[[ Eff </)] if0ET |= [q^J iff 
Eff |= <p, as desired. □ 

From this we obtain a simplication of Corollary ll.2.30l in the case of sentences 
and non-degenerate subtoposes of Eff, as follows. Recall the notation '\ p/p '(pV 
from that Corollary. 

Corollary 1.3.10. Let ;' : E — > E be a function representing a non-degenerate 
topology on Eff. Let cp be a ET j-sentence. Then we have ET; (= iff ET |= \ P/P '(pl. 

Proof. By CorollaryUlM we have ET,- \=(j)ii and only if ET |= j(\ P/P '(j)\). By (i) 
of the previous Proposition, we have ET |= j(\ P ^ P '(pl) if and only if ET |= \ p ^ p '(p\. 
The conclusion follows. □ 

Let us derive a simple presentation of the natural numbers object in the 
topos Eff,. 

Proposition-Notation 1.3.11. Let j : PN — > PN be a function representing a 
local operator on Eff. The pair (N, {•}), the element e N and the successor function 
N — > N groe a natural numbers object in Effy. We denote by N the object (N, {•}) in 
Eff,-. 

Proof We learned from Subsection ll.2.5l that the functor 

Id* : Eff -> Eff, 

(X,~) ' * (X,~) 
F h-> F 

/ ^ / 

is the inverse image part of a geometric inclusion Eff, e — » Eff corresponding to 
the topology /. We know that the inverse image part of a geometric inclusion 
between toposes preserve natural numbers objects. Applying the functor Id* 
to our natural numbers object N in Eff, the result follows. □ 
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Chapter 2 

General constructions of local 
operators 

There are several constructions of local operator, which one can apply for any 
topos. In this section we shall recall them and instantiate in the case of the 
effective topos. 

Given a topos £, We write Lop(£) for the class of local operators on £ 
Internally in a topos, if A C B is an inclusion of sets, we may denote by Xacb or 
just by Xa the characteristic function B — » O : x \-> (x e A). 

2.1 The open and closed topologies 

We have the following two constructions of topology arising from a subobject 
of 1. 

Construction 2.1.1. Let po be a subobject of 1 in a topos £ The open topology 
of q is the map 

O — > Q : p i-> po => p, 
and the closed topology of U is the map 

Q — » Q : p i-> po v V- 
One easily proves by logic that these maps are indeed topologies. 
Example 2.1.2. Clearly, 

• the open topology of true is the map id:p\-^p, 

• the open topology of false is the map trueo! : p i-» T, 

• the closed topology of true is the map trueo! : p i— > T, 

• the closed topology of false is the map id : p i-> p. 

So when £ is two-valued, just like in the case of the effective topos, these 
constructions do not give a interesting topology; the topology id is the least 
topology giving £ itself as the corresponding subtopos, and trueo! is the largest 
topology giving the degenerate topos. 
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2.2 Joyal's construction 



We now discuss a construction of the least local operator that makes some 
subobject dense. First, let us introduce some affable 'internal' termonologies. 

Definition 2.2.1. Internally in a topos £, we may call elements of Q truth values. 
Given a local operator /', we call a truth value p 

• /-closed if j(p) implies p, and 

• /-dense if j(p) holds. 

Notation 2.2.2. Let us recall a number of standard notations in topos theory. 
Let £ be a topos, and let /' be a local operator on £. We write / for the subobject 
of O characterized by /' : Q — » Q, and we write Q ; for the subobject of Q given 
as the equalizer of /',id : Q — » Q. So saying internally, / = {p e Q | j(p)} is the 
set of /'-dense truth values, and Qj ■ = {p e Q | j(p) = p) is the set of /'-closed truth 
values. 

Proposition 2.2.3. Internally in a topos, if D is a subset of X and Xd is its 

characteristic function X — » Q, then 

(a) D is /'-dense if and only if Xd factors via /, and 

(b) D is /'-closed if and only if Xd factors via Qj. 
We also have the following. 

(c) The object P ; (X) = {A e P(X) | Vx e X.j(x e A) => x e A) of (saying 
internally) /-closed subsets of X is the object Q x , in the natural sense 

that the canonical isomorphism P(X) = Q x restricts to an isomorphism 
P ; (X) = Q x (clearly, the inclusion >-> Q induces an inclusion Q x >-> Q x ; 

in this way we view D.J as a subobject of Q x ). 

(d) The object P j -dense(X) = {A e P(X) | Vx e X.j(x e A)) of the /'-dense subsets 
of X is the object } x , in the natural sense that the canonical isomorphism 
P(X) = Q x restricts to an isomorphism Py-dense(X) = } x . 

Proof. Left to the reader. □ 

Definition 2.2.4. Internally in a topos, let D be a subset of Q. We say that D 
is upwards closed if for all p e D and q e Q if p < q then q e D, i.e. if the 
characteristic function Xd '■ Q ~ > ^ of D is monotone. 

Construction 2.2.5. Internally in a topos, let D be a subset of Q. Let 

D mo = [q e G | 3p e Q.p e D A (p => q)), 

which is clearly (think internally!) the least upwards closed subset of Q that 
includes D. We will employ this notation (— ) mo also for functions Q — » Q in the 
obvious manner, namely via the canonical correspondence P(O) = Of 1 . 

The main ingredient of our goal construction is the following result by A. 
loyal. 
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Proposition 2.2.6. Internally, let D be a subset of Q. Let 

D r = [q a | Vp°p £D^[(p^^ q]} 
= \q a | Vp°p £ D A (p => q) => q] 
= [q a | [3p Q .p £ D A (p => q)] => 9 } 
= | e D mo => <7> 
e Sub(Q), 



and let 



D 1 = |p" | V^.q 6 D => [(p => q) => q]} 
= {p Q | Vq a .q e D A (p => q) => q] 
e Sub(Q). 



Then 



(i) The mappings D i-» D r and D h D 1 form a Galois connection from P(Q) to 
itself, in the sense that they are (1) order-reversing functions P(O) — * P(fi) 
and (2) adjoint to each other on the right (i.e. D < D rl and D < D lr for all 
D e P(Q)). 

(ii) If j : O — > Q is a closure operator, then J r = Gy and (Qy) = /. 

(iii) A subobject D e P(O) satisfies D rl = D iff its characteristic map is a closure 
operator. 

Notice that the external variant of these statements immediately follow: 

(i') The mappings D h D' and D h D 1 form a Galois connection from 
Sub(Q) to itself, in the sense that they are (1) order-reversing functions 
Sub(Q) -> Sub(Q) and (2) adjoint to each other on the right (i.e. D < D rl 
and D < D lr for all D e Sub(Q)). 

(ii') If j is a local operator on £, then f = Q.j and (Oy ) 1 = /. 

(iii') A subobject D e Sub(Q) satisfies D rl = D iff its characteristic map is a local 
operator on £. 

Proof. Left to the reader. The external variant is precisely |joh77 Theorem 3.57] 
(or |Joh02| Proposition 4.5.12]). □ 

Corollary 2.2.7. Internally, let DcQ.We write D lo/ar = D rl , and write 

D lo/mo _ {p | V(j ^ g D mo => ^) A (p => ij) => 

Then: 



• D lo ^ ar corresponds to the least closure operator j with D < /. 

• If D is monotone, then D lo ^ mo is the least closure operator > D. 
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An immediate consequence of this corollary is that Lop(£) has binary joins: 

Proposition 2.2.8. If j\, 72 are local operators on £, then the least local operator 
j with ]\ U J2 < } is the join j\ V ]2- 

Proof. As /1 < /1 U J2 < }, we have j\ < j\ V /2 and symmetrically ]2 < ]\ V ]2- If 
A: is a local operator with j\, ]2 < k, i.e. ]\ U J2 < K, then the leastness of j yields 
j < k. This proves that is the join of }\ and ]2 ■ □ 

Lemma 2.2.9. Let / be a local operator on a topos £, and let D be a subobject of 
Q. The following are equivalent. 

• D is /-dense. 

• Im(xo) < J- 

Proof. Elementary topos theory. □ 

Construction 2.2.10. Internally in a topos, if A C B is an inclusion of sets, then 
there is the least local operator j for which the inclusion A C B is j-dense: 
namely, the least local operator j with Imf^cs) £ /• (We use Corollary l2.2.7l ) 
For a logical description of this local operator, we write 

ImOfAciO = Ip e O I 3x 6 B.p = Xaqb(x)) 
= {p e O I 3x e B.p o x e A), 

so that 

Im(xAc B ) mo = {q e Q I 3p e Q.p e Im(,YAc B ) a (p => 

= e Q I 3p e Q.3x e B(p o x e A) A (p ^> q)} 
- {q e Cl\3x e B.x e A ^ q}. 

Proposition 2.2.11. Internally in a topos, every subset of Q is the image of a 
characteristic function. 

Proof. Let D be a subset of Q. Let c : D — > Q be the characteristic function of 
the inclusion D n (p e Q | p} c D. Then 

Im(c) = {p e Q I 3d e D.p = c(d)} 

= {peCl\3deD.p = (deDn{peCi\ p))) 
= {peCl\3deD.p = d} 
= \p e Q I p e D} = D, 

as desired. □ 

Corollary 2.2.12. Internally in a topos, every local operator is the least one for 
which some inclusion of sets (in fact an inclusion into Q) is dense. □ 
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Chapter 3 

Subtoposes of Eff 



3.1 Representation by sequences of collections of 
number sets 

In our treatment, we will present examples of subtoposes of Eff as infinite 
sequences of collections of natural number sets (i.e. as functions N — » PPN). 
This section is devoted to explaining how we can represent subtoposes as such 
sequences, discussing some properties of the representation and describing 
relevant (pre)orderings on the representatives. 

3.1.1 Objects of internal functions Q — > Q 

We present here three objects of internal functions O — > Q which we will deal 
with. Recall the notation '(X, ~)' from Construction ll.2.10r d). 

Proposition 3.1.1. The object (PN PN , !=>), together with the obvious evaluation 
map, is the exponential Q°. 

Proof. By Remark ll.2.111 the object (PN PN , ~) and the obvious evaluation map, 
where 

h~h' - ext(/z) A Vp[(p o p) => h(p) o h'(p)], 

are the exponential Q Q . But clearly, the predicate PN PN x PN PN -> PN is 
isomorphic to ~. The claim follows. □ 

Definition 3.1.2. Let C be a cartesian closed category and let P be a C-tripos. 
Given a term h : E E in the language of P, we define a P-formula 

mon(/j) := Vp,q z .(p q) => (h(p) => h(q)). 

Let h : E — > L be a morphism in C. We say that h is monotone if P \= mon(/z). 
Note that h is monotone if and only if it represents a monotone map Q — > Q. 

Notation-Proposition 3.1.3. Write Mo = (PN PN ,« n ). Thefunctionid : PN PN 
PN PN represents a mono Mo — > Q n , and this mono gives the subobject of in- 
ternal monotone functions Q — > O. 
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Proof. By Construction ITOJJd), the mono id : (PN PN , ex ^ on ) -> (PN PN ,o) 
gives the desired subobjectQ But clearly, the predicate is isomorphic to 

ex^mon c l a i m follows. □ 

Notation-Proposition 3.1.4. Write Lo = (PN PN ,-lf). The function id : PN PN -» 
PN PN represents a mono Lo — > Mo, and this mono gives the subobject of 
internal local operators Q — > Q. 

Proof. By Construction mild), the mono id : (PN PN , m « lop ) -> (PN PN , o") 
gives the desired subobjectQ But clearly, the predicate <J is isomorphic to 

monjop 

<=> . The claim follows. □ 

Remark 3.1.5. Recall from Section O that we have a map (-) mo : Q n -» Mo, 
which is left adjoint to the inclusion Mo >-> Q°. Likewise we have a map 
(-) lo/mo : Mo -» Lo, and it is left adjoint to the inclusion Lo >-> Mo. Finally we 
have a map (-) lo/ar : Q° -» Lo, which is the composite (-) lo / mo o (-) mo : Q° -» 
Lo. 

3.1.2 NNO-indexed joins in Q n and Mo 

We will define a map gr, j : V(PPN) — > Q , and show that internally every 
function Q — > Q is an N-indexed join of functions in the image of this map. 

Proposition 3.1.6. Given J{ e PPN, define a function gr ^ : PN — > PN by 

gr^(p) = 3 Ae3{ (A o p). 

The function gr (-) : PPN — > PN PN represents a map V(PPN) — > Q n . 
Proof. We have to verify 

ih V^I, S 6 PPN..71 = £ => gr ^ H gr s , 

equivalently that 

ih VjTl 6 PPN.extCgr^), 

i.e. that 

ih VJH 6 PPNVp /(? 6 PN.[p «* </] => [gr^(p) «* gr^)], 

i.e. that 

ih VJi e PPNVp,^ e PN.[p «* if] => Pae-kCA o p) o B Ae ^,(A o <?)]. 
But the last one is evident. □ 

Proposition 3.1.7. Internally in Eff, every function Q — > O is an N-indexed join 
of functions in the image of the map gr^ : V(PPN) — > Q . 



'Here, the notation ' ext ^ on ' should be read as putting 'mon' above '§>'. 
2 Here, lop : PN PN — > PN is a predicate representing the subobject Lo c Cf 
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Proof. That is, we prove 



Eff |= V/z 6 Q Q 30 e V(PPN) N Jz = V/ gr, 



= Vh36Vp.h(p)&3neN[gr m (p)], 



i.e. that 



h Vfr e PN 1N .ext(/z) =3 36Vp.h(p) «3ne N[{n} A 3 Ae0()!) (A <=> p)]. (3.1) 
Given ft e PN PN , define a function h* : N -> PPN by 

fe*(n) = {A e PN | n e lVq.(A & q) => h(q)J}. 
Then we have the realization 
Ae.Aa.{Ax.e(x)\(a), (id, id)) 

ih V/z 6 PN PN .ext(/z) ^> Vp./z(p) ^Bne N[{n] A 3 A ePN,nelv ? .(A« ? )^%)](-A <^> p)] 
= V/z e PN PN .ext(/i) => Vp.h(j>) ^3ne N[{n} A 3 Asft . ( „)(A o p)] 

and 'conversely' the realization 

Ae.A(n, b).n(b) 

ih V/z 6 PN PN .ext(/i) => Vp./z(p) <=3ne N[{n} A 3 AePN ,„ eIV ,.( A « ? H/ ! (<;)]]( A P)l 
= V/z 6 PN PN .ext(/z) => Vp./z(p) <= 3n e N[{n} A 3 Ae ,,. ( „)(A <=> p)]. 

Clearly (13.1b follows from these realizations. □ 

In passing, we show a remarkable order-theoretic property regarding N- 
indexed joins that the image of (a slight restriction of) the map gr^ enjoys in 
the internal poset (Q°, <). 

Definition 3.1.8. Let J be a set. Let P be a poset with /-indexed joins. We say 
that an element p e Pis inaccessible by /-indexed joins if 



Proposition 3.1.9. Internally in Eff, every element in the image of the map 
g r (_) : V(P*PN) — > Q° (notice the modified domainQ) is inaccessible by /- 
indexed joins. 

Proof. That is, we show the satisfaction 



Eff |= e V(FPN)V/! ( _) 6 {OPf-ffyi < \/ K => 3n e N.gr^ < h. 



3 The author does not know whether the result still holds for V(PPN). The reader should note 
that the image of the map gr { _ } : V(PPN) -» Q n differs from that of gr ( _ } : V(P*PN) -> Q°, since 
Eff V= VjTI £ V(PPN)3S e V(P*PN).gr^, = gr B (easy to verify). 




Vj?IV/z ( _)-[Vp u gr» => 3n N h n (p)] => [3nVp.gr» =» h n {p)\, 
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i.e. that 

ih e FPNVft H e (PN PN ) N .ext(/j ( _)) => 

([ip.3 Ae ^(A op)^ 3n.{n| A /z n (p)] => [3n.{n} A Vp.3^(A o p) => fc»(p)]). 

But Ae.A/.let(«,x) = /«id, id»in<n, Ab.e(ri)(b)i(x)) realizes thisQ We are done. 

□ 

The author learnt the previous two propositions from Jaap van Oosten - but 
for a different setting, to which we now turn our attention. Given 3\ e PPN, 
define a function G$\ : PN — > PN by 

G^p) = 3 Ae?I (A => p). 

Then the function G(_) : PPN — > PN PN represents the composite map 

V(PPN) — ^» Q° — » Mo, 

and the statements and proofs of Propositions 13 . 1 .71 and [3TTT91 carry easily over 
to the setting with the function G(_) and the internal poset (Mo, <) replacing 
gr^ j and (Q , <). However it is perhaps more neat to deduce these variants 
from the original statements, as follows. 

First, the following is the variant on Proposition l3.1.7l 

Proposition 3.1.10. Internally in Erf, every monotone function O — > Q is an 

{— ) mo 

N-indexed join of functions in the image of the map V(PPN) — -> Q° Mo. 

Proof. Immediate from Proposition [3X7J as the reflection (-) mo : Q — > Mo is 
surjective and and preserves joins. □ 

For the variant on Proposition ^. 1 .91 we use the following general argument. 

Proposition 3.1.11. Let 7 be a set, and let (P, <) be a poset with /-indexed joins. 
Let Q c P be a reflective subposet, closed under I-indexed joins in P. Denote 
by I : P -» Q the reflection. Let B c P. Suppose that every element of B is 
inaccessible by /-indexed joins in P. Then every element of 1(B) is inaccessible 
by /-indexed joins in Q. 

Proof. To distinguish the join in P and the join in Q, we will use the notations 

p Q 

Vand\/. 

Q 

Let (l{bi) | i e I) be a family in 1(B) and let 1(b) e 1(B) such that 1(b) < \J l(b{). 

i€l 

The subset Q being closed under /-indexed joins in P is equivalent to that /- 

Q p 

indexed joins in Q are given by /-indexed joins in P. So V/ l(bi) = y l(bj). It 

iei M 

follows that there is i such that 1(b) < l(bj). We are done. □ 

4 Here, 'let . . . in . . .' is some functional programming notation for introducing aliases. In the 
usual lambda notation, we mean Ae.A/.(/((id,id))i,Afc.e(/((id, id))i)(fc)i(/((id / id»2)). 
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Proposition 3.1.12. Let (P, <) be a poset, and let / be a set such that (P, <) has 
/-indexed joins. A pointwise join of an /-indexed family of monotone functions 
P — » P is again monotone. 

Proof. Let (/z, \ i e /) be a family of monotone functions P — > P. We show 

that the pointwise join V/ /z, is monotonic. Let p,q e P with p < q. We want 

iej 

(\J hi)(p) < (\Jhi)(q), i.e. \J h,{p) < \l h(q), i.e. that for all z e / one has 

iel iel iel iel 

hi(p) < Y M*?)- But indeed, we have /z,(p) < /z,(^) < y M*?)- We conclude that 

iel iel 
the pointwise join \J hi is monotonic. □ 
iel 

Corollary 3.1.13. Internally in Eff, every element in the image of the map 

or i yno 

V(PTN) Q Q Mo 
is inaccessible by /-indexed joins. □ 

3.1.3 The representation 

We finally define our representation of local operators by functions N — » PPN. 
We do this internally, in the sense that we single out a map V(PPN N ) -> Lo. 
Of course this also give the external representation, as a function N — > PPN is 
precisely a point of V(PPN N ) and a point of Lo is precisely a local operator. 

Notation-Proposition 3.1.14. Given Jl e PPN, we denote by : N — » PPN 
the function with action 

Aji(n) = .71. 

The function A ( _, : PPN -> PPN N represents a mono V(PPN) V(PPN N ). □ 

Notation 3.1.15. Internally in Eff, given J{ £ V(PPN), we may denote e 
V(PPN N ) just by JK. 

Proposition-Notation 3.1.16. The function id : PPN N — > PPN N represents both 
directions of an isomorphism V(PPN N ) a V(PPN) N . Under this isomorphism, we 
shall not distinguish notationally between an (internal) element of V(PPN N ) 
and that of V(PPN) N . □ 

Definition 3.1.17. Consider the following diagram of maps in Eff, where the 
unnamed maps are obvious canonical maps. Clearly everything commutes. 

V(PPN) gf( ~ ) . O n 




V N ( — ) mo /_\lo/mo 

V(PPN N ) a V(PPN) N - (Q°) N ► Q° V ; .. Mo — Lo 
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Note that by Proposition 13.1.71 the composite map V(PPN) N — > Q n is an epi. 
We shall refer to the composite maps 

V(PPN N ) -» Q n ,Mo,Lo 

as ar(_),mo(-),10(-) respectively. Internally in Eff, given 6 6 V(PPN N ), we call 
log the local operator associated to 6. 

Remark 3.1.18. Combining the previous Notation with Notation l3. 1.151 we can 
denote the maps 

V(PPN) -> Q Q ,Mo,Lo 

in the diagram above also as ar(_), mO(_), lo(_). 

Note (from the commutativity of the diagram) that as maps V(PPN) — > Q° 
we have gr^ = ar(_). 

Definition 3.1.19. Internally in Eff, let j e Lo. We say that is basic if j = lo^ 
for some A e V(PPN). 

Let us describe a representation of the map ar(_) : V(PPN N ) — > Q n . 
Proposition 3.1.20. Given 8 e PPN N , define a function ar : PN -» PN by 

ar (p) = 3n N .{n} A gr e(n) (p) = 3n N .{n) A 3 Aeg(n) (A <=> p). 

The function ar H : PPN N -> PN PN represents the map ar H : V(PPN) N -» Q Q . 
Proof. The map ar(_) : V(PPN) N — > Q is by definition the composite 

V(PP N ) N ^» (Q°) N ^ Q°. 
So internally in Eff, for 6 6 V(PPN) N , we have 

ar (p) = V[(gr ( _ ) ) N (0)](p) = \J gr e(n) (p) = 3n 6 Mgr 9(n) (p). 

neN 

Therefore the function ar(_) : PPN N — > PN PN clearly represents the map ar(_) : 
V(PPN) N Q°. □ 

Remark 3.1.21. Now we can cleanly explain the connection between the con- 
struction (6 e PPN N ) h-> (log e Lop(Eff)) and the construction of the least local 
operator making a given subobject dense. 

Let us see that the latter construction is an instance of the former, as follows. 
Let (X, ~) be an object of Eff, and let R : X — > PN be a predicate on (X, ~). Define 
a function <5[(X, ~), R] : N -> PPN by 

<5[(X, ~),R](n) = \R(x) \xeX,ne ex(x)). 

Then it is immediate that the function ar6[(x,~),R] : PN — > PN represents the 
subobject 

hn(XRc(x,~) : ^ Q) e Sub(Q), 

hence 1o6kx,~),r] = (ar6[( X ,~),R]) Io/ar is3 the least local operator making the subob- 
ject R c (X, ~) dense. 

5 see Construction l2.2.f0l 
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The converse, that every local operator of the form log is the least one 
making a subobject dense, follows of course from the general facfl that any 
local operator is such a one. But let us track this concretely. Given 6 e PPN , 
define a function 6* : PN — > PN by 

d*(p) = {meN\pe 6(m)}. 

Then we have a preassembly (PN, 6*) and a predicate idpN : PN — > PN on it. 
Note that 

0(n) = {p | p e PN & p e 6{n)} 

= \p | p e PN & n e \m e N | p e 9(m)}} 
= {id PN (p)|pePN,«e0»} 
= 5[(PN,0*),id PN ](«), 

so that log is the least local operator making the subobject idpN £ (PN, 6*) dense. 

Remark 3.1.22. Building upon the previous remark, we can now see that a 
local operator j is basic if and only if it is the least one making a subobject of a 
-i-i-sheaf dense. 

'if: Let X be a set and R : X — > PN be a function such that j is the least local 
operator making R c V(X) dense. So 

5[V(X),R](n) = [R(x) \xeX&ne ex(x)} = \R(x) \ x e X). 

Hence ;' = lo{R( X )\xeX) is basic. 

'only if: If ;' is basic, then ;' = lojzi for some Jl e PPN, so j is the least local 
operator making the inclusion idpN £ (PN, (A^)*) dense. But 

(A^)» = {m 6 N | p e A*(m) = &\ = j ™ ^ € ^ 

otherwise. 

So (PN, is a -i-i-sheaf, as desired. 

Next we describe a representation of the map mo(_) : V(PPN N ) — » Mo. 

Proposition 3.1.23. Given e PPN N , define mo 9 e PN PN to be the predicate 
given by 

mo e (p) = PM N 3^ e0(n) .{nj A (A => p)J. 
The function mO(_) : PPN N — > PN PN represents the map mo(_) : V(PPN) N -» Mo. 
Proof. The map mO(_) : V(PPN) N — > Q Q is the composite 

V(PPN) N Q Q Mo. 

So internally in Erf, for 6 6 V(PPN) N and p e Q, we have 

mo (p) = (ar e ) mo (p) = 3^ Q .ar e ( (? ) A (q => p). 
6 see Corollary IZZ121 
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Therefore the map mO(_)(-) : V(PPN) X Q — > Q is represented by the formula 

6 e PPN N ,p 6 FN3q m 3n N [{n} A 3 Ae e(n){A « q)] A(q^p) 
= de PPN N ,p 6 PN.3t/ PN B« N 3 Ae9( „).{ M } A (A <^ 9 ) A (q => p) 
= e PPN N ,p 6 PN.3n N 3 Aee(n) .{«) A (A => p). 

It follows that the function mO(_j represents the map mO(_) . □ 

Having described representations of the maps ar(_) and mO(_), the map lo(_) 
remains. Describing a good representation of lo(_) is a substantial issue, and 
will be considered in the next section ( £13.211 . Before going into it, we first discuss 
about relevant (pre)orders on the set PPN N . 

3.1.4 The preorderings < mo and <i 

Internally speaking, the 'representation maps' V(PPN N ) -» Mo, Lo facillitate 
studying monotonies and topologies in terms of elements of V(PPN N ). In 
particular, we may study their inequalities so. In this spirit, we pull back the 
orderings of monotonies and of topologies to V(PPN ), as in the following 
definition. 

Definition 3.1.24. We define (V(PPN N ), < mo ) and (V(PPN N ), < lo ) to be the pre- 
orders induced by the maps 

mo(-),lo ( -) : V(PPN N ) -> Mo,Lo 

respectively. 

Remark 3.1.25. With Notation l3XT5l this also gives us preorders (V(PPN), < mo ) 
and(V(PPN),<i ). 

Lemma 3.1.26. We have 

ih Vjfl e PPNV/i e PN PN .mon(/z) => [(mo fl => ft) <=> P| h(A)]. 

AeM 

In particular, given J{ e PPN, the function moja is the smallest monotone 

function h : PN -» PN with H h(A) + 0. 

Am 

Proof. Recall that 

mon(/z) = Vp,^ PN .(p => q) => (h(p) => h(q)), 

that 

mo^ft = Vp™.[3« e N3 A , €&:n(ll) .{n} A (A' => p)] => hip) 
= Vp PN .[3A' PN .A' 6 A (A' => p)] => hip), 

and that 

V Ae xh(A) ee VA PN .A I J?l => /2(A). 
Now observe that the claim holds. □ 
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Proposition 3.1.27. Define a predicate < mo : PPN N x PPN N -> PN by 

r\ < mo 6 = IV« N .{«) => V As , ;( „)3m N .{;«} A 3 Bee(m) (B => A)l 
The predicate < mo represents the relation (V(PPN N ), < mo )- 

Proof. For now, to avoid ambiguity, let us denote the predicate < mo by <' mo . The 
predicate <' mo automatically represents a binary relation on V(PPN ). We have 
to prove the satisfaction 

Eff |= V; ] ,0eV(PPN N ).r]<^ o 0O7]< mo 
= V?], d.rj <' mo 6 <=> mo,, < mo 9 

= V?], d.1] <' mo 6 <=> Y mo,, ( „) < mo 

neN 

= Vf], d.rj <' mo 6 o V« N .mo,, (H ) < mo e , 

i.e. that 

Ih Vtj, e PPN N .; ? <^ o [Vn N .{nj => mo, w < mo e ]. (3.2) 
But sinc^3 ||_ VjTl.mon(mo^), we have by Lemma [3 . 1 .261 that 
Ih Vrj, 0Vn.mo,, ( „) < mo e <=> V A er,(«) m O0(A). 
So (13.2b is equivalent to 

ih Vrj,0 e PPN N ./] <^ o [V« N .{n| => V A ^ (n) mo e (A)] 
= V/],0 6 PPN N ./] <^ 6 o [Vn N .{n} => V Ae „(„)3m N {m) A 3 Be0(m) (B => A)], 
but the last formula holds trivially by definition of <' mo . Done. □ 
Corollary 3.1.28. Define a predicate < mo : PPN x PPN -> PN by 

9K <mo B = IV A ^3 BeS .B => A]. 
This predicate < mo represents the relation (V(PPN), < mo ). 

Proof. For now, again to avoid ambiguity, let us denote the predicate < mo by <' mo . 
We want the satisfaction 

Eff |= VJl,S v(FFN) .Jl<' mo £^Jl< mo & 
S S v(PPN) .J?l <^ S o A?, < mo A s , 

i.e. (by the last Proposition) that 

if mS PPN J?l <^ S o Vn N .{n} => V AeA ^ (n) 3m N {m} A 3 BsAS(ffl) (B => A). (3.3) 

But since Ih = Atf. and Ih 3n N .{n) and Ih Vx x .x e X, we have by logic 

Vn N .{n] => V AsA ^ (fl) 3m N .!ffi) A 3 BeAS(m) (B => A) 

= Vn N .{n} => VA PN .A I A#(n) => 3m N .{m] A 3B PN .B I AS(m) A (B => A) 
= Vn N .{n} => VA PN .A I ^ => 3m N >i) A 3B PN .B I S A (B => A) 

= VA PN .A e J7I => 3B PN .B 6 S A (B => A) 
= VAej?i3 Be s(B => A). 
7 by Proposition l3.1.23l 
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So d3 - 3b is equivalent to 

lh Vft,£ FPN .ft <^ S « V Ae *3 B6B (B => A), 
which holds trivially by definition of <' mo . Done. □ 

In the following we construct a meet operation for the internal preorder 
(V(PPN N ), < mo )- Jaap van Oosten provided the core part (the operation on 
PPN) of this construction. 

Proposition 3.1.29. Given ft, Be PPN, let 

ft&S={AwB\Aeft&Be!B}e PPN. 

Given r\, 6 e PPN N , define a function r\ © 6 : N -> PPN by 

(r/ © 6){{n,m)) = r/(n) © 0(m). 

The function © : PPN N xPPN N — > PPN N represents a meet operationfor the preorder 
(V(PPN N ),< mo ). 

Proof. Clearly the function ©represents a map V(PPN N )xV(PPN N ) -» V(PPN N ). 
First we verify that 

Erf |= VC £ 6 V(PPN N ).C © 5 < mo C, 

i.e0 that 

it- Vn 6 N.{n} -> V AV B6(c@«(»)3ff2 e N[{m} A 3^ e£(m) (A' — > A V B)]. (3.4) 

Let p\ : N — > N be the function determined by p\({m, n)) = m. As this function 
is computable, we can clearly realize 

lh Vn e N.{n] -> V AV B€(c©«(n)[{pi(w)l A A I C(pi(n)) A {A -» A V B)]. 

This yields (|3.4| | by logic, as desired. Symmetrically, Eff |= VC, £.£ © 5 < mo £ ■ 
Next, we need to verify that 

Eff (= ve, c, 5 e v(ppn n ).0 < mo c a e < mo ^ => e < mo c © 5, 

i.e. that 

ih V0,C,<S e PPN N . 

[Vn e N.{«} -> V Ce e( n )3m 6 N.{m} A 3^ eC(m) (A => Q] 
A 

[Vn 6 N.{n) -» V Cee( „)3fc 6 N.{fc} A 3 Be4(m) (B => Q] 
=> 

[Vn 6 N.{n) -> V Cee („)3<m,fc) e N.{(m,k)} A 3 AV Be(e©i)«»a»(A V B => C)]. 

But, since the mapping N x N — > N : (n, m) h-» (n, m) is computable, this is 
clearly realizable. Done. □ 

8 See Proposition l3.1.27l 
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Corollary 3.1.30. The function © : PPN x PPN — » PPN represents a meet operation 
for the preorder (V(PPN), < mo ). □ 

Let us now turn our attention to (V(PPN N ), <i ). Given a representation of 
the map lo(_) : V(PPN N ) -> Lo, we can obtain a representation of the preorder- 
ing < lo on V(PPN N ), as follows. 

Proposition 3.1.31. Let /(_) : PPN N — » PN PN be a function representing the map 
lo(_) : V(PPN) N -> Lo. Then the predicate <f. PPN N x PPN N -> PN defined by 

6 <, C = IVn N .j«} => V Ae0(n) / c (A)] 

represents the preordering <i on V(PPN) N . 

Proof. Analogous to the proof of Proposition 13. 1.271 □ 

Of course, this proposition will gain its force only after we discuss repre- 
sentations of the map lo(_) in the next section. 

3.2 The method of sights 

In this section, we aim to establish a couple of representations of the map 
lo(_) : V(PPN N ) — » Lo and understand these representations. 

3.2.1 A representation of lo(_), and sights 

The following Proposition establishes the first of the two representations we 
shall consider of the map lo(_) : V(PPN N ) — > Lo. The first characterization of 
this (first) representation, which we now meet as definition, is (essentially) due 
to A.M. Pitts; cf. HPit81l Proposition 5.6]. 

Proposition 3.2.1. Given 6 £ PPN N and p e PN, define 

k(p) = - n 1 101 a p - 1 & 111 a m ° e( ^ - 

The function lo[_ } : PPN N -> PN PN represents the map V(PPN N ) Lo. 

Proof. It suffices to show that the functions lo[_ } , (mo ( _)) lo/mo : PPN N -> PN PN 
are isomorphic as functions V(PPN N ) — > Lo, i.e. 

Ih W6 e PPN N .log o (mo e ) lo/mo , 
i.e. [using the fact that ih V0.1o'((mo ) lo/mo )] 

ih V0 6 PPN N .lo e o (mo e ) lo/mo . (3.5) 
Recall, for 6 e PPN N , that 

mo e (p) = 3n e N.{n} A 3A e 6(n)(A => p) 

and that 

(mo e ) lo/mo (p) = Wq e PN.(mo e (^) ^> q) A (p q) q. 
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First we show '<=' from J3.5b , i.e. that 

11- d,pNq[{mo e {q) => q) A (p => q) => q] => lo e (p). (3.6) 

But we have D- 0,p.mog(lo (p)) => lo' (p) and lh 6,p.p => lo e (p). Hence II3.6I I 
follows, as desired. 

Next we show '=>'. Take a lh V0Vp.p => (mo e ) lo/mo (p). Also take 

b lh V6>Vp.[Bzz 6 N.{zz| A 3A e 0(n)(A => mo£ /n,D (p))] => nu% ,mo (p) 
= VeVp.mo e (mc# /mo (p)) => mo* /wo (p). 

Take an index c by recursion theorem such that 

^ ^ _ | fl (l/) if x = (0, y) for some y, 

]b(n, Am.c[e(m)]) if x = (1, (n,e)). 

Given e PPN N and p e PN, consider the set S g (p) = {x e N | c(x) e mo o/mo (p)). 
We see that 

• {0}ApCS e (p) 

• {l}Amo (S e (p))cS e (p), 

so we can deduce that lo' (p) £ S e (p). Thusclearlyc lh V0Vp.lo' (p) => mo' e o/mo (p), 
and this completes the proof. □ 

Proposition 3.2.2. Let 6 e PPN N and p 6 PN. Define 

mo e (p) = {0|Ap 

mo« +1 (p) = mo» U {11 A mo 9 (mo») 
mo e(P) = 1J mo e(P)- 

Thenmo ' 1 (p) = lo' e (p). 

Proof. For brevity, we abbreviate /z = mog. 

Let us first see that h : PN — » PN preserves inclusions. If p, ^ e PN with 
p £ q, then clearly 

h(p) = [3n e N3 A€e{n) .{n} A (A => p)] £ pn e N3 Ae0(H) .{zz} A (A => 9 )] = %), 

as desired. 

We prove the statement 

For all a and for all q e PN with {0} A p £ q and {1} A ft(^) £ q, we 
have /z a (p) £ q. 

by induction on a. 

The ordinal case. Trivially, h a (p) = {0} A p £ q. 

The case of a successor ordinal a + 1. We want to show that /z"(p) U {1} A 
h(h"(p)) £ The IHsays/i"(p) £ ^, so it remains to show {1} Ah(h a (p)) £ q. Since 
/z preserves inclusion, we have h(h a (p)) £ It follows that {1} A h(h"(p)) £ 
(1} A h(q) £ <7, as desired. 
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The case of a limit ordinal A. The IH tells us that each a < A satisfies 
h a (p) c q. It follows that h A (p) = [J h a (p) c ?/ as desired. 

This completes the induction. It follows that for all a (in particular for co\) 
we have h a {p) c e PN | {0} A p c g & {1} a fe(g) c 9} = lo e (p). 

To show lo (p) c W l {p), it clearly suffices^ to show that {0} A p c ^(p) 
and jl} A h(h an (p)) c h an (p). The former is clear, so let us show the latter 
inclusion. Let (n,e> e h{h a ' l (p)) = h(\ \ h a (p)). Then we can choose0 A 6 0(n) 

for which e ih A => II h a (p). So for each x e A, we can choose an ordinal 

a<coi 

o(x) < (0\ with e(x) e h°^ x \p). Let n = o(x), which is (being a countable 

union of countable ordinals) a countable ordinal. Then for each x e A we 
have e(x) 6 7z" w (p) c ft"(p), so e Ih A => /^(p). Therefore (n,e> e h(h n (p)), 
and so <l,<n,e» e {1} A h(h n (p)) c /z" +1 (p) c ^(p), as desired. This proves 
lo»c^(p)- □ 

Definition 3.2.3. A sight is, inductively, 

• either: something called Nil, 

• or: a pair (A, a) where A e PN and 0(a) is a sight for each a 6 A. 

Given e PPN N , z e N and p e PN, a sight S is (z, 0, p)-dedicated if, by 
induction on S, 

• in case S = Nil: z = (0, y) with yep, 

• in case S = (A, a): (i) z = (1, (n, e)) for some n, e e N, (ii) A e (iii) e is 
defined on A, and (iv) for each a e A the sight a (a) is (e(fl), 0,p)-dedicated. 

We say that S is (z, 0)-dedicated if S is (z, 0, N)-dedicated. 

Proposition 3.2.4. Let 6 e PPN N . For all z e N and p e PN, we have 

z e lo' (p) if and only if there is a (z, 0, p)-dedicated sight. 

Proof. To deduce the 'only if part of the proposition, we show 

For all a, for all z e N and p e PN, 
if z e mo £ g(p) then there is a (z, 0, p)-dedicated sight. 

by transfinite induction on a. 

The ordinal case. That z e mog(p) means that z = (0,y) with yep. 
Therefore the sight Nil is a (z, 0, p)-dedicated sight. 

The case of a successor ordinal a + 1. Remind that mOg +1 (p) = mo'g(p) U 
moe(mOg(p)). If z e mo £ g(p), we are clearly done by the IH; so suppose z e 
moe(mOg(p)). Write z = (l,{n,e)). There is A e 6(n) such that e is defined 
on A and e(a) e mo £ g(p) for each a e A. By the IH, choose for each a e A an 
(e(fl), 0, p)-dedicated sight o(a). Then (A, a) is clearly a (z, 0, p)-dedicated sight. 

9 See the definition of 10g(p). 
10 See the definition of h. 
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The case of a limit ordinal A. As z e mo' g (p) = (^J mog(p), there is a < A such 

that x 6 mog(p). Hence by the IH, there is a (z, 0, p)-dedicated sight. Induction 
done. 

To deduce the 'if' part of the proposition, we show 

For every sight S, for all z e N and p e PN, 
if S is (z, 0, p)-dedicated, then z e mo^ 1 (p). 

by induction on S. 

The case S = Nil. Then for some yep we have 

z = (0, y) e jO) A p = mo>) c mo^(p) 

as desired. 

The case S = {A, a). Then z = (l,(n,e)) for some n,e, and A e For 
each a e A, the sight ct(a) is (e(a), (9,p)-dedicated; so by the IH, we can choose 

an ordinal o(a) < oj\ such that e(a) e mOg fl ^(p). Consider the ordinal n = [^J o{a). 

aeA 

Since o(«) < n for each a e A, we have e(fl) e mOg"'(p) c mOg(p). Therefore 
z e mog(mOg(p)) c mOg +1 (p). We are done, since n + 1 is still countable. □ 

3.2.2 Basic notions around sight 

Definition 3.2.5. Let S be a sight. 

A finite sequence (x\, . . . , x n ) in N is a node of S if, by induction on n, 

• if n - 0, always, 

• if n > 0, then S = (A, <j), xi e A and (X2, . . . , x„) is a node of cr(xi). 

We denote by Nds(S) the set of nodes of S. 

Given a node (xi, . . . , x„) of S, the subsight of S at {x\, ... , x„), to be denoted 
Subsight s (xi, . . . , x„), is, by induction on n, 

• if n — 0, then it is the sight S, 

• if n > 0, then it is the subsight of a(x\) at (X2, . . . , x„). 

A node s of S is a leaf if Subsight s (s) = Nil. 

Given a node s of S, we write Outs(s) = {x e N | s:x is a node of S). Note 
that if Subsight s (s) = (B, _), then Out s (s) = B. 

Definition 3.2.6. A node s of a sight is degenerate if the subsight at s is (0, 0). 
A sight is degenerate if it has a degenerate node, i.e. it has a subsight equal to 
(0,0). 

Definition 3.2.7. Given J{ e PPN, a sight S is said to be on if each subsight 
of S of the form (A', a') satisfies A' e &l. 

Proposition 3.2.8. If a sight S is (z, 0)-dedicated for some z, 8, then S is on 
|J 0(n). □ 

neN 
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Definition 3.2.9. Let zeN, and let s = (x\, . . . , x k ) e N*. The r-value of s under 
z, denoted z[s], is sometimes defined, by induction on k, as follows. 

• (case k = 0) For it to exist, we must have z = (0, y). If so, it is y. 

• (case k > 0) For it to exist, we must have that (i) z = (1, (_, e)), (ii) e is 
defined on X\, and (iii) the r-value of (xz, . . . , Xj.) under e{x\) exists. If so, it 
is the r-value of {x-i, ■■■,x\) under e{x\). 

We say that z is r-defined on s if the r-value of s under z exists. 

Definition 3.2.10. Let z e N, and let S be a sight. We say that z is r-defined on 
S if z is defined on every leaf of S. If z is r-defined on S, we define the image of 
S under z to be the set 

z[S] := {z[s] | s is a leaf of S}. 
A z-value of S is an element of z[S]. 

Proposition 3.2.11. If a sight S is (z, 0)-dedicated for some z, 0, then z is defined 
on S. A (z, 0)-dedicated sight S is (z, 0, p)-dedicated if and only if z[S] Cp. □ 

Next we prove some properties of the function lo e : PN — » PN around the 

condition on e PPN N that e ^ 0(n). 

neN 

Proposition 3.2.12. Let z e N, 6 PPN N and p e PN. 

(a) If a degenerate sight is (z, 6,p)-dedicated, then 6 6(n). 

neN 

(W 1/0 e 0(n), t/zew f/ie sight (0, 0) is (z, 6, p)-dedicated. 

neN 

Proof, (a) We show the statement 

For every sight S, if S is degenerate and is (z, 6, p)-dedicated, 
then0 6 [J d(n). 

neN 

by induction on S. 

The case S = Nil is trivially okay. Let us consider the case S = (A, a). 

Suppose that S = (0,0). Then, since S is (z, 8, p)-dedicated, we have that 
z = (1, (n,_» for some neN and that e 0(n). Therefore e 0(n). 

neN 

Suppose that S = (A, o) with A + 0. Since S is degenerate, there must 
be some a$ e A such that the sight cr(flo) is degenerate. By the IH, we have 

6 U 

neN 

Induction complete. The conclusion (a) follows. 

(b) Immediate by definition. □ 
Corollary 3.2.13. Let 6 PPN N and p e PN. If e (J 0(n), then lo' (p) = N. 

neN 
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Proof. By Proposition l3.2.41 we have 

log(p) = jz 6 N | there is a (z, 6, p)-dedicated sight}. 
So if e ^J, then for each z e N the sight (0,0) is (z, 6, p)-dedicatecQ so 

neN 

log(p) = N, as desired. □ 
3.2.3 Well-founded trees, and another representation of 1o(_) 

It is not entirely easy to write down a concrete construction of sight. We now 
discuss an axiomatization of the set of nodes of a sight, which will facillitate 
defining a sight by specifying what its nodes are - a task rather considerable. 

Definition 3.2.14. As usual, we denote by N* the set of finite sequences in N. 
Given s, f e N*, we write s < t if s is an initial segment of f . 

A tree (for us) is a non-empty subset T of N* that is closed under initial 
segments, i.e. if s e T and s' e N* with s' < s then s' e T. A tree is well- 
founded if it admits no infinite chain w.r.t. the ordering <. We may abbreviate 
'well-founded tree' to wf-tree. 

Let The a tree. Given f 6 T, we write Outr(f) = {x e N | t.x e T). 

An element seT may be called a node of T. A node s of T is a leaf if s is a 
maximal in T w.r.t. <. We denote by Lvs(T) the set of leaves in T. 

Let t 6 T. We write Subtreer(f) = {s e N* | f * s e Tj c N*. It is easy to see 
that Subtreer(t) is a tree. We say that Subtreer(f) is the subtree of T at t. 

Proposition 3.2.15. A well-founded tree has a leaf. 

Proof. If a tree T has no leaf, then any node of T can be extended to a longer 
node, which clearly implies that T is not well-founded. The Proposition is the 
contrapositive of this observation. □ 

Definition 3.2.16. Let T be a well-founded tree. The foundation number of T, 

to be denoted fn(T), is the least length of a leaf of T. 

Proposition 3.2.17. The set of nodes of a non-degenerate sight is a well-founded 
tree. Moreover, every well-founded tree is the node set of a unique non- 
degenerate sight. 

Proof. We show that the association 

Nds : {Non-degenerate sights} — > (Well-founded trees) 

is bijective. 

Injectivity Suppose, for contradiction, that there are non-degenerate sights 
S + S' with Nds(S) = Nds(S'). We show the inconsistency of mathematics by 
induction on S. 

The case S = Nil. Since S + S', we have S' = (A, a) with (since S' is 
nondegenerate) A + 0. Choose cio e A. Then the length 1 sequence (flo) belongs 
to Nds(S') = Nds(S) = {()}, so mathematics is inconsistent. 

11 This is Proposition l3.2.12( b) 
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The case S - (A, a). Choose a e A. Applying the IH to the sight o(a Q ), 
mathematics is inconsistent. Induction complete. This proves the injectivity. 

Surjectivity. We prove that for every well-founded tree T there is a non- 
degenerate sight S with Nds(S) = T, by induction on the foundation number of 
T. 

The case fn(T) = 0. Then T = {()} = Nds(Nil), so okay. 

The case fn(T) > 0. Then Outr() + 0, and for each a e Outr() the foundation 
number of Subtreer(a) is fn(T)-l. So by the IH we can choose for each a e Outj() 
a non-degenerate sight a(a) with Nds(cr(a)) = Subtreer(fl). Now clearly the pair 
(OutxQ, a) is a non-degenerate sight and we have Nds(Outr(), o) - T, as desired. 
Induction complete. This proves the surjectivity. Proof complete. □ 

Remark 3.2.18. Let S be a non-degenerate sight, and let s e N*. Observe that 

• s is a node of S if and only if s is a node of Nds(S), 

• s is a leaf of S if and only if s is a leaf of Nds(S), 

• Nds(Subsight s (s)) = Subtree N ds(S)( s )/ 

• Outs(s) = Out Nds(S) (s). 

Notation 3.2.19. Given a non-degenerate sight S, we may denote the node set 
of S just by S. 

The point of view the last Proposition provides, namely to view a sight as 
a set of sequences, has stimulated the author to reconsider the way a natural 
number acts on sights, as in the following Definition and Proposition. 

Definition 3.2.20. Let w : N* ->• N be a partial function, let 6 e PPN N and let 
p & PN. We say that a sight S is (w, 6, p)-supporting if 

• for each leaf s e Nds(S), we have w(s) = (0, y) with yep, and 

• for each non-leaf s e Nds(S), we have w(s) = (1, n) with Outs(s) e 6(n). 
We say that S is (zv, 0)-supporting if S is (w, 6, N)-supporting. 
Proposition 3.2.21. Given 6 e PPN N , define a function lo' e ' : PN — > PN by 



The function lo^ : PPN N -> PN 1N represents the map lo ( _) : V(PPN N ) ^ Lo. 

Proof. We proceed in a number of steps. 

Step 1. We define a partial computable function bwd ( _)(-) : N X N* — »■ N 
satisfying 



log(p) = {w e N | there is a (zv, 8, p)-supporting sight} 




(0, y) if z = (0, y> and p = 

(1, n) if z = (1, (n,e)> and p = 

bwd f ( Cl )(c 2 , ...,c p ) if z = (1, («, e» and p > 0. 



We show that 



if a sight S is (z, 6, p)-dedicated, then it is (bwd 2 , 6, p)-supporting. 
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This clearly follows from the statement 



For each (x\, . . . ,Xk) e N*, each zeN and each sight S, 
given that (x\, . . . , Xk) e Nds(S) and that S is (z, 6, p)-dedicated, we have: 
if (x\, ...,Xk) is a leaf of S then bwd z (xi, ...,Xk) = (0, y) with yep, and 
if (xi, . . . , Xk) is a non-leaf of S then bwd z (x\, ...,Xk) = (1, n) with 
Outs(xi,...,Xjt) e 0(n). 

which prove by induction on A:. 

The case p = 0, i.e. (xi, . ..,x p ) = (). Suppose that () is a leaf of S. Then 
S = Nil. Since S is (z, 6>, p)-dedicated, we have z = (0,y) with yep. By 
definition of bwd, we have bwd z () = (0, y), as desired. Suppose that () is a 
non-leaf of S. Then S = (A, a) for some A, a. Since S is (z, 0, p)-dedicated, we 
have z = (1, (n, e)) for some n, e, and have Outs() e 6{n). By definition of bwd, 
we have bwd 2 () = (1, n). The case done. 

The case p > 0. Then S = {A, a) for some A, a. Since [A, a) is (z, 6,p)- 
dedicated, we have that z = (1, (_, e)) for some e, and that the sight a(x\) is 
(e(xi), 0, p)-dedicated. If (x\,..., Xk) is a leaf of S, then (X2, . . . , Xk) is a leaf of 
cr(xi), so by the IH we have 



with y e p, as desired. If (x\,...,Xk) is a non-leaf of S, then (xi,...,x p ) is a 
non-leaf of a(xi), so by the IH we have 



with Outs(xi, . . .,x; c ) = Out IJ ( Tl )(x2, . . . ,Xk) e 6(n), as desired. Induction com- 
plete. 



Step 2. Given a partial function w : N* — ' N, define a partial function 
fwd^ : N* — N by 



Clearly, the partial function fwd(_) : Ptl(N*, N) — N is effective. 

Step 3. Given a partial computable function w : N* — 1 N and a e N, define 
a partial computable function w @a : N* — N by 



bwd z (xi, . . . ,Xk) = bwd £ .(. Vl )(x 2 , . . .,x p ) = (0, y) 



bwd z (xi, . . . ,Xk) = bwd e(ll )(x 2 , ...,x p ) = (1, n) 




f<0,y> if w(xi,...,Xk) = <0,y) 

|<1, (n, Ax.fwd'„(xi, . . . , x fc , x)) if ro(xi, . . . , x k ) = <1, n). 



Note that if w : N* — N is effective, then so is fwd^ : N* — N. 
We define a possibly-undefined element iwd w e N by 



fwd ro - fwd4(). 



zv@a(x\, ...,Xk) — w(a, x\,...,Xk). 



We prove the statement 



For every sight S, for k e N and X\, . . . , Xk 6 N such 
that the sight S is (fwd'„ @fl (x 1 , . . . , Xk)i, 6, p)-dedicated, 
the sight S is (fwd.'„(fl, x\, . . . , Xk)i, 6, p)-dedicated. 



(3.7) 



by induction on S. 
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The case S = Nil. Then twd' w@a (x-i, . . .,x k ) = (0, y) with y e p. By definition 
of fwd' w@a (xi, ... , x k ), we have zo@a(x\, . . . , x k ) = (0, y). Hence w(x\, . . . , x k ) = 
(0, y), and so fwdj„(a, X\,..., x k ) = (0, y). Thus Nil is (iwd' w (a, X\,..., x k ), 8, p)- 
dedicated. 

ThecaseS = (B,t). Thenfwd^ @fl (xi, . . . ,x k ) = (1, (n, Ax.fwd n)@fl (xi, . . .,x k ,x))) 
for some n, and we have B e 6{n). By definition of fwdJ (J@fl (xi, . . . , x k ), it follows 
thatw@a(xi, . . . ,x k ) = (l,n). Sozu(a,x\, . . . ,x k ) = (l,n). Hence fwd-'^a, X\, ■■ -,x k ) = 
(1, (n, Ax.iwd' w (a, x\,..., x k , x))). Let b e B. We have fwd^^i, ... ,x k , b)i, and 
T(b)is(fwd ; ' 0@a (xi,. . . ,x k , b), 8, p)-dedicated. Bythel^wehavefwd^^xi, . . .,x k , 
and %{b) is (fwd^(«, x\, . . . , x k , b), 6, p)-dedicated. Hence (B, t) is (fwd,' ( ,(a, x\, . . . , x k ), 
dedicated, as desired. Induction complete. This proves (3.7^ . 

Step 4. We show that 

if a sight S is (zv, 8, p)-supporting, then it is (fwda,, 8, p)-dedicated. 
by induction on S. 

The case S = Nil. Then () is the only node of S. Since S is (iv, 8, p)-dedicated 
and () is a leaf of S, we have w () = (0, y) with y e p. So iwd l0 - fwdj ( ,() = (0, y). 
Therefore fwd a ,J,, and the sight S is (fwd a „ 8, p)-dedicated. 

The case S = (A, o). We want: (i) fwd ; „ = (1, (n, e)) for some n, e, (ii) A e 8{n), 
and (iii) for each a e A one has e(fl)| and the sight o(a) is (e(a), 0,p)-dedicated. 
Since () is a non-leaf of S, we have w () = (1, n) for somen and have Outg() e 8(n). 
As twd w = fwd^O = (1, (n, Ax.twd' w (x))), we have (i). As A = Outs(), we have 
(ii). Let us verify (iii). Let« e A. Since (A, o) is (zv, 8, p)-supporting, the sight a {a) 
is (w@a, 8, p)-supporting. By the IH, as fwd H ,@ fl - fwd.'^O, we have fwd' ( , @fl ()| 
and the sight a(a) is (fwd n , @fl (), 8, p)-dedicated. By Il3.7b , we have fwd'„((r)J, and 
the sight a (a) is (fwd^(fl), 0,p)-dedicated. As fwd' w (a) ^ (Ax.twd[ (x))(a), this 
proves (iii). Induction complete. 

Step 5. We now see 

( r bwd ( _) n , r fwd ( _ ) n ) ih V0 e PPN N Vp e PN.lo^p) lo' e '(p). 

So the functions lo^lo^ : PPN N -» PN PN represent the same map V(PPN N ) -» 
Lo, which is the map lo(_). We are done. □ 

3.2.4 Join of the preordering <i 

As the first application of well-founded trees, we present a construction for 
joins in the preorder (PPN N , <i ). 

Construction 3.2.22 (Concatenation of sights). Given non-degenerate sights S 
and T, define 

S*T = {s*f|se Lvs(S) & f 6 T}. 

Then the set S * T is a well-founded tree, hence a non-degenerate sight. 

Proof. Easy. □ 

Lemma 3.2.23. Given partial functions a, b : N* — x N, choose a partial function 
a * b : N* — »■ N subject to the following, clearly effective action. 

Let (x\,...,xi) 6 N*. 
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If for all < i < I one has a(x\, . . . , x,) = (1, _), 
then {a * b)(x\, ...,xi) = a(%\, ...,x\). 

If there is < k < I such that 

- for all < i < k one has a{x\, . . . , Xj) = (1, _), 

- a{x 1 ,...,x k ) = (0,_>, 

- for all k < i < I one has b(x k+ i, . . . , x,) = (1, _), 
then (a * b)(x lr ...,x,) = b(x k+1 , x\). 

If there is < k < I such that 

- for all < i < k one has a{x\, . . . , x ; ) = (1, _), 

- a(xi,...,x k ) = (0,y), 

- for all k < i < I one has b(x k +\, . . . , x,) = (1, _), 

- b(x k+1 ,...,xi) = <0,z), 

then (a * b){x x , . . . , x ; ) = (0, {y, z». 

Let 6 e PPN N , p, q 6 PN and a, b e N. Let S, T be non-degenerate sights 
such that S is (a, 8, p)-supporting and T is (b, 8, ^-supporting. Then S * T is 
(a * b, 8, p A q)-supporting. 

Proof. The construction of a * b is tailored to satisfy this property - one can best 
verify this in mind by staring at the definition of a * b above. □ 

Proposition 3.2.24. Given J{/B e P*PN, we define 

Ji®S = {AAB\AeJl&:BeS}e P*PN. 
Let /], 8 6 P*PN N . We define a function (/] © 0) : N — > P*PN by 

(/] © 8){n) = i](n) © 8{n). 

Then the function t] © 8 i s the join oft] and 8 in (P*PN N , <i ). 

Proof. First we show that )] <i r\ © 8. It suffices to have /] < mo rj © 8, i.e. 
that ih Vn.{n) =3 V A€ll(n) 3m3 B€ ^ & e)(n)-{m} A (B => A), i.e. that lh Vn.{n) ^> 
^Aer](n)^ni3A'€t](n)^B'€e(n){m} A (A' A B' ^ A). But clearly An.(n, n\) realizes the 
last sentence, as desired. Analogously we have 8 <\ rj © 6. 

Then we show that for all £ e PPN N if rj < lo C and <i C then r] © < lo C- 
The inequality 7] <i C means that some a lh Vn.jn} => VAg^jHjlo^A), and the 
inequality 8 <\ C, means that some /3 lh Vn.j«) => V/i e0 ( H )lo"(A). The inequality 
/] © 8 <i C means 

lh Vn.{nj ^ V^ab^^^^Io^A A B). (3.8) 

By the previous Lemma, we have that given n e N, A e 7](n) and B e 0(n) if 
a e lo"(A) and b e lo"(B) then a»fce lo"(A A B). Therefore An.a{n) * |3(n) realizes 
113.81 1, as desired. This proves the proposition. □ 
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3.2.5 0-Realizability 



Using the language of sights, we can provide a realizability-style semantics 
for the arithmetic in subtoposes of Eff. Let 9 e PPN N such that log is non- 
degenerate. 

Definition 3.2.25. We define inductively a relation '0-realizes' between the 
natural numbers and the arithmetic sentences. Let n 6 N. 

• Let a, t be closed terms in the language of arithmetic. We say that n 9- 
realizes the sentence a = t if [ n cj] = n = fx]], where the latter denote 
the interpretation of the terms a, X in the standard model N. 

Let cp, ip be arithmetic sentences. 

• We say that n (9-realizes cp A xp if, writing n = (n\, JI2), n\ 0-realizes <fi and 
n2 ^-realizes xp. 

• We say that n ^-realizes (p V xp if , writing n = (g, m), either, g = and m 
^-realizes <p, or, g = 1 and m ^-realizes xp. 

• We say that n ©-realizes cp => xp if for every 0-realizer of (/j there is a 
(n(m), 6>)-dedicated sight S such that every n(m)-value of S ^-realizes ip. 

• We say that n ^-realizes Vx.<p(x) if for every x e N there is a (n, 0)-dedicated 
sight S such that for every n-value m of S there is a (m(x), 0)-dedicated 
sight T whose m(x)-values 0-realize (p(x). 

• We say that n ^-realizes 3x.(p(x) if there are x, m e N such that /z = (x, m) 
and m ^-realizes <p(x). 

Proposition 3.2.26. An arithmetic sentence cp is true in Effg if and only if some 
number O-realizes cp. 

Proof. The inductive clauses in the definition of 'n ©-realizes cp' are designed to 
satisfy that 

n 0-realizes cp if and only iQn 6 [i ET/ET8 i ETe/Effe c/)!!l. 

On the other hand, we have: Eff e |= cpiftET e \= j ETa/Effa (/)!iffET |= ^/^e^ie/m^ 
iff [| ET / ET « jETVEffa ^,,| + The conc i usion follows. □ 

Remark 3.2.27. Note that the definition of 0-realizability does not involve any 
category-theoretic termininology, and is written purely in elementary terms 
using the notion of sights. This means that the last Proposition enables one to 
study the arithmetic in a subtopos of Eff without reference to category theory. 

12 RecaU the definit ion of j ET » /Eff e . . . ! from Construction ll.2.171 and the definition of i ET / ET s . . . ! 
from Corollarv ll.3.101 
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3.3 Examples of basic topologies 
3.3.1 Extreme examples 

First we characterize which collections e PPN give the least local operator id. 
Calculation 3.3.1. Let ft e PPN. We have, lo^ = id as maps Q -» O if and only 

if f^^^eB 

Proof. Let us show 'if. Choose «o e f~l Recall that 

g r ja(P) = 3 A€^(A o p). 

Thus Ax.((A_.x), (A_.ao)> ii- Vp.id(p) => gr M (p), and A(e,_).e(flo) if- g r ja(p) id(p). 
Hence gr^, = id as maps Q — > Q. Therefore gr^ is a local operator, and it 
follows that lojfl = gr^ = id as maps Q — » Q. 

Now we show 'only if. Since lo^ = id is the least topology, we have 
ft <io {}■ In other words, there is z e N such that for each A e ft there is a 
(z, {}, A)-dedicated sight Sa into A. It follows that each Sa = Nil. But the empty 
sequence () is the only leaf on the sight Nil. Therefore the z-value of () belongs 

to each A 6 ft, so P) ft + as desired. □ 

Next we characterize which sequences e PPN N give the largest local oper- 
ator T. 

Calculation 3.3.2. Let 8 e PPN N . The following are equivalent. 

(i) d is a top element of (PPN N , < mo ) 

(ii) 6 is a top element of (PPN N , < lo ) 
(hi) e J 6{n) 

neN 

It follows that the local operator T is basic: for instance, the collection {0} e ft 
gives it. 

Proof, (i) =>(ii): Clear. 

(iii) =>(i) : Assume (iii). Let C e PPN N . To conclude (i), we show that C < mo 6, 
i.e. that 

ih Vn.jn} => V AeC( „)3m.{m} A 3 B£0(m )(B => A). (3.9) 

Choose mo e N such that e d(nio). Then A_.{mo,_) clearly realizes ||3.9|I , as 
desired. 

(ii) =>(iii): By (ii), we have |0) <i D 6. It follows that there is a number z e N 
and a (z, 0, 0)-dedicated sight S. Thus S cannot have a leaf, and sc0 S is a 
degenerate sight. By Proposition ^. 2.127 a), we have e II 6(n), as desired. □ 

neN 

Next, let us see that the double negation topology is also basic. First we 
recall a lemma from |Hyl82| . 

"Remind that P|{) = N. 

14 Every non-degenerate sight has a leaf! 
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Lemma 3.3.3. Let / : PN — > PN be a function representing a topology on Eff . 
We have -1-1 < j if and only if 0{/(p) I p £ P*N} is non-empty. 

Proof. This is pyl82} Lemma 16.2], □ 

Now we are ready to single out a class of collections e PPN that give the 
topology -1-1. 

Proposition 3.3.4. Let J{ e PPN, such that J{ contains two, recursively separa- 
bld 15 l sets. Then -i-i < as maps Q — > Q. 

Proof. By the previous Lemma, we may show that ^{lo^p) | p 6 P*N) contains 
a number. To this end, it suffices to construct 

• a partial effective function w : N* — > N, and 

• for each y e N a (w, Ji, {y})-supporting wf-tree, 

for then (any index of) w belongs to |^j{lo'^(p) | p e P*N). Let us construct 
these. 

Choose sets A,B e J?! that are recursively separable. Choose a partial com- 
putable function w : N* — » N subject to following conditions. 

We have wQ = (1, 0). 
Let (xq, ...,Xk) e N* with ft: > 0. 
If xq, . . . , %i 6 A, then z»(xo, ...,x k ) = (1, 0). 
If Xo, . . . , Xfc-i £ ^ and Xft e B, then (xo/ ■••/%) - (0, k). 
For y 6 N, let 

S y = {()} 

U {(xq, ■ ■ ■ , x k ) I < k < y & xo, . . . , x k e A| 
U j(x , . . . , x y ) | x , . . . , x v _i eA & x y e B}. 

Now clearly, S y is a well-founded tree, and is (w, Jl, {y})-supporting. Done. □ 

Corollary 3.3.5. Let e PP*N, and suppose that 3\ contains two, recursively 
separable sets. Then -i-> = \oy\ as maps Q — > O. 

Proof. Since i the local operator lo^ is non-degenerate. By the previous 
Proposition, it must then be -i-i. □ 

The discussion so far has shown that the 'extreme' local operators id, T, -i-> 
are basic. Clearly, we can easily come up with a collection J{ e PPN that 
does not give id or T, and it seems not difficult to avoid -i-i. At this point, 
one might decide to challenge his imagination and produce such examples 
of collections e PPN. The next subsection follows this line of thoughts, and 
introduces examples of tft e PPN that will give a 'non-trivial' topology. 



5 Sets A,BcN are recursively separable if there is a recursive set C with A c C and B c N\C. 
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3.3.2 Further examples 

We introduce now some subcollections of PN. (But it does not mean that we 
will use all of them.) 

Definition 3.3.6. Let ft e PPN. Define 

ft* = {(\Jft)\A\Aeft}. 
We say that ft* is the dual collection of ft. Note that \ft*\ = \ft\. 

Countable simple graphs. 

• For m>2, let £.„, = {{i,i + 1} | i + 1 < m}. This is the "line of m vertices". 

• For m>3, let C m = (L m U {{0, m - 1))). This is the "circle of m vertices". 

• For m > 2, let 7C m = j] | <i < j < m\. This is the "complete graph of 
m vertices". 

Note that by Corollary [3331 these examples all give the topology The trick, 
for obtaining a more interesting example, is to take their duals. 

The co-wz-tons. 

• Let 1 < 2m < a < oj. We write (9", = {the co-;7?-tons c a). We write 

The finites, the cofinites. 

• Let f = {the finite subsets of N}. So ?~* = {the cofinite subsets of N}. 

• Let TN = {In | n 6 N}, where \n := [m 6 N | n < 

3.3.3 Elementary < mo calculations 
Calculation 3.3.7. T* = mo TN. 

Proof. Notice that 

• '<mo' means D- V cofilli teAB«(T« -» A), 

• '>mo' means Ih VnB cofinite B(B Pi). 

Now, observe that id is a realizer for both cases. □ 
Proposition 3.3.8. Let m>2. ( K m < mo TCk+i. 

16 This is the example of Pitts IPit811 Example 5.8] mentioned in the Introduction. 
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Proof. Since %„ c 7f m+1 , we have '< mo '. Let us show '^ mo '. Suppose, for 
contradiction, that some 

y ih VA e < K m+ i3B e % n (B -> A). 

Case 1: y is not injective on jO, . . .,m — 1}, i.e. \y{0, . . . ,m — 1}\ < m. Then 
choose distinct numbers < a, b < m, and observe that y \f 3B e K m (B — > {a, fr)). 
Contradiction. 

Case 2: y is injective on \0,...,m — 1). Let x be the unique element of 
jO, . . . , m}\y({0, ...,m - 1}). Choose a e y{0, . . . , m - 1}. There exists B e K m such 
that y ih B — > {a, x). This is impossible, as y(B) = {b + c\ with b,c e y{0, ...,m—l}. 
Done. □ 



3.4 Turing degree topologies 

3.4.1 Introduction 

Definition 3.4.1. For D c N, we write 



Pd(") 



|{{0}} if neD, 
Ijjljj otherwise. 



We might say that pu e PPN N gives the Turing degree topology of D. 

These topologies were first studied in |Hyl82| and BPho89l . We will establish 
below (Remark l3. 4.151 that our definition indeed gives the topologies as defined 
in |Hyl8 2|. For now, assuming this correlation, we will remind ourselves of 
some results known about these topologies. 

First of all, the following proposition from |Hyl82| is fundamental, justifying 
the name 'Turing degree topology'. 

Proposition 3.4.2. The association D i— > pu induces an order-embedding of 
Turing degrees in the lattice of topologies on Eff . In other words, given D, E c N, 
we have D <x E if and only if pu <\ p^. 

Proof. This is |Hyl82} Theorem 17.2]. □ 

A result from HPho89l states that — ■— ■ is the least topology greater than all the 
pu, as follows. 

Proposition 3.4.3. Let 6 e PPN. If p D <i for all D c N, then < lo . 
Proof. This is BPho89l Proposition 3]. □ 

3.4.2 Comparison to basics 

Then we present an observation of our own, that a basic topology below some 
Turing degree topology is necessarily the bottom topology id. 

Proposition 3.4.4. Let ft. e PPN and D c N. If ft < lo pu, then ft s lo {}. 
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Proof. First we prove the statement 

Given sights S, T and z e N, if S, T are (z, p D )-dedicated, then S = T. (3.10) 
by induction on S. 

The case S = Nil. Then z = (0, _). It follows that T = Nil as well, as desired. 

The case S = (U, o). Then (i) z = (1, {n, e)) for some n, e e N, (ii) U = {xd(m)}, 
(iii) e is defined on Xd(m) and (iv) the sight o{XD{n)) is (eOfo^))/ pD)-dedicated. 
As T is also (z, po)-dedicated, it follows that T = (!xd(«)1/ t) for some x and 
the sight t(^d(«)) is (e(Xo(w))/ po)-dedicated. By the IH, we have ct(xd(«)) = 
t(^d(«))- It follows that S = T, as desired. 

Let us now establish the proposition. Take z\h J{ <\ po- Choose, for each 
A e J\, a (z, po/ A)-dedicated sight Sa- By [[3. 10b , all the Sa are the same sight, 
say S. Since S is on po, it is non-degenerate. So we can choose a leaf rf of S. 
Then z(d) e H M. It follows that J?l s lo {), as desired. □ 

Corollary 3.4.5. If D c N is undecidable, then p D is not basic. □ 
3.4.3 Notion of a set C N being effective in a subtopos of Eff 

First, let us free ourselves from the presentational distinction between partial 
maps and partial functional relations. 

Remark 3.4.6. We pass through the coincidence of partial maps and partial 
functional relations in a topos, and its compatibility with sheafification. 

In a topos £, a partial map X — >■ Y is precisely a partial functional relation 
X — Y, as follows. If (U, f) is a partial map, then the relation 

x x , y Y .x e U A f(x) = y 

is a partial functional relation. If G e Sub(X X Y) is a partial functional relation, 
let Li" = {x : X | 3y e Y.(x, y) e G), and let g be the map LI — > Y induced by the 
fact 

£ |= Vm e U3\y e Y.(mcl U cx(u),y) 6 G, 

then (U,g) is a partial map X — * Y. The two directions we have described are 
mutual inverses. 

Let j be a local operator on £, and let a : £ -» Sh/(£) be the sheafification. 
If (U,f) is a partial map X — ^ Y, then (a(!i), a(/)) is clearly a partial map 
a(X) — >■ a(Y). If G e Subg(X x Y) is a partial functional relation, i.e. satisfies 

VxVy, y'.(x, y) e G A (x, y') e G =* y = y' 

an entailment of two geometric formulas, then as a preserves this we have that 
a(G) e Subsh;(E)(a(X) x a(Y)) is a partial functional relation a(X) a(Y). 

The final remark is that the bijection between partial maps and partial 
functional relations commutes with sheafification, in the now obvious sense. 

Proposition 3.4.7. In a topos £, let X be an object and U, V its subobjects. Let 
/' be a local operator on £, and denote by a : £ — » Shy(£) the sheafification. 
We denote (as usual) by a(!i) the obvious subobject of a(X), and by j(U) the 
/-closure of the subobject U. We have 
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a(U) < a(U) m Sub sh)( s)(aX) z/and on/y jf ;(U) < ;(V) in Sub £ (X). 
Proof. We know from topos theory that 

(i) the assignment ClSubg(X) A Subsh ( (g)(aX) is an order isomorphism, and 

(ii) the assignment Sub £ (X) A Subsh ; (e)(aX) factors as Sub £ (X) take ' closure ) 
ClSub(X) A Subsh / (£)(aX). The Proposition follows. □ 

Definition 3.4.8. In a topos £, let (D,g) : X — *■ Y be a partial map, and let 
If e Sub(X). We say that the partial map (D,g) is defined on If if Lf < D in 
Sub(X). Let ;' be a local operator on £. We say that the partial map (D,g) is 
defined on If in j if the partial map (a(D), a(g)) is defined on a(lf) in Sh,(£). 

Corollary 3.4.9. Let j, j' be local operators on a topos £, with / < /. Let (D,g) 
be a partial map X — Y in £, and let If e Sub(X). If (D, g) is defined on IT in j, 
then (D, g) is defined on If in f . 

Proof. Note that, (D,g) is defined on U in ; if and only if ay(lf) < a ; (D) if and 
only if (by Proposition 13.4.7b If < j(D). On the other hand, (D, g) is defined on 
/' if and only if U < f(D). But j(D) < ;'(D), hence the result follows. □ 

Construction 3.4.10. Let k e N, and let DSN, We describe two constructions 
of a subobject D E£f e SutyN*) in Eff . 

On one hand, we have the function Vd : N* — > PN. This is automatically an 
extensional predicate on the object N in Eff, hence determines a subobject. 

On the other hand, we may consider the assembly (D, j-}). The function 
incl : D c — > N k clearly represents a mono (D, {•}) c — » IV , hence determines a 
subobject. 

The claim is that the two subobjects are the same. We denote by D^g this 
subobject of N k in Eff. Moreover if j is a local operator on Eff, we denote by Dj 
the subobject a y (D E£f ) of a ; -(N*) a a ; (Af) fc . 

Proof. The second subobject is clearly represented by the formula in ET 

0(h) := 3m e D.{m) A incl(m) ~ n. 
It suffices that <p and Vd are equivalent as predicates on N, i.e. that 

ih Vn e N k .{n} => [cp(n) o V D (n)]. 

Now An.((Az.n), (Ax.n)) realizes this. □ 

Proposition 3.4.11. Let g be a partial function N — * N. The subobject g^a of 
N X N in Eff is a partial functional relation. 

Proof. We have to verify the single-valuedness requirement, that 

ih Vx,y,y' 6 N.W A jy} A {y'| => [V ? (x,y) A V ? (x,y') => y ~ y']. 

But its realizer is easily found. □ 

Definition 3.4.12. Let g : N — >■ N be a partial function, let R c N, and let be a 
local operator on Eff. We say that g is defined on R in j if is defined on Rj. 
We say that g is effective in / if g is defined on Dom(g) in ;'. 
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Proposition 3.4.13. Let g, j, R be as in the previous Definition. Suppose that 
j + T. If R\Dom(g) + 0, then g is not defined on R in /. 

Proof. Assume ]?\Dom(g) + 0. If g would be defined on R in j, then, as j < 

g is defined on R in -t-t, i.e., the partial function g : N — >■ N is defined on R in 

the ordinary sense, contradicting the assumption. □ 

Proposition 3.4.14. Let D c N, and let j : PN — > PN be a function representing 
a local operator on Eff . The following are equivalent. 

(i) The characteristic function N — > N of D is effective in j. 

(ii) Dj is decidableB 

(iii) po < j as local operators. 

(iv) ET N Vn N .jn} => /({* D (n)}). 

We say that D is effective in the subtopos / if these conditions are satisfied. 

Proof. We will show that each of (i),(ii),(iii) is equivalent to (iv). 

'(i)<=>(iv)'. We have: (i) holds, if and only if the partial functional relation 
(XD)j e Sub(N x N) in Eff ; is total, if and only if Eff ; - |= Vx N 3y N .(x, y) e (x D )j, if 
and only if 

ET ; |= Vx N {x) =1 3y N .{y] A A Xd (x, y). (3.11) 

Note that 

f T i3y N .{y) A A XD (x, y)\{x) = { X d(x)} a N, 

so that 

[x.3y N .{y) A A Xo (x,y)] =; [x.{x D {x)} A N] =y [i.ltoWl]. 
Thus ( 13.1 lb is equivalent to 

ET ; |= V« N {«} => k D (n)}, 

which in turn is equivalent to (iv). 

'(ii)<=>(iv)'. We have: (ii) holds, if and only if 

Effy |= Vn e N.n e (Dj V -.Dy), 

if and only if 

ETy N V« N .{«) => (V D V - o V D )(n), 

if and only if 

ET |= V« N .{«| => ;[(V D V - o V D )(n)]. (3.12) 

We have 

„ x/ s f{O}ANU{l}A0 ifneD , 
V D VnoV D « = ' , n =to« AN. 

I{O}A0U{1}AN ifn£D 

So 113.121 is equivalent to (iv). 



17 In a topos, a subobject U of an object X is decidable ifX< (Iv-.(Iin Sub(X). 
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'(iii)<=>(iv)'. Choose 6 e PPN N such that ;' = log. We have: (iii) holds, if and 
only if po <i 9, if and only if 

ET |= Vn N .{n} => V MMn) lo e (A) 

s Vn N .{n} => V A6|kD(n))l lo e (A) 

= Wn N .{n} => \o e {{XD{n)\) 

= V« N .{n) => j({ X D(n)}), 



as desired. 



Remark 3.4.15. Let D c N. The definition in ]Hyl82| of the topology k D 
associated to the Turing degree D comes down to that it is the least topology 
j for which Dj is decidable. With our terminology: ko is (by the previous 
Proposition) thus the least topology in which D is effective. Since (also by 
the previous Proposition) our topology 1o Pd has this property we must have 
ko - lo pD as topologies on Eff . 

Application 3.4.16. The least topology in which every set c N is effective, is 
— i — i. 

Proof. By the last Proposition, this is just a paraphrase of Proposition l3.4.3l □ 

3.5 The examples 

3.5.1 More on sights: intersection properties 

Lemma 3.5.1. Let n > 1. Let ...,${„ be collections such that the joint 
intersection property is satisfied: 

for any A\ G j^li, . . . , A n £ 3K n we have A\ Pi ... Pi A n ^ 0. 

Given for each 1 < i < n a sight S, on there is a finite sequence d such that 

• d is a node of each S,, and 

• d is a leaf of one of the S, . 

Proof. We prove this by induction on Si . 

The case S\ = Nil. Then () is a leaf of Si, and at the same time it is a node of 
S2, ■ • ■ ,S„. So fine. 

The case Si = (A\,o\). If S, = Nil for some 2 < i < n, then () is a leaf of S, 
and a node of each S;, so we can forget this case and assume that each s, is some 
(Ai,Oi). By the joint intersection property, we can choose a 6 A\ Pi . . . PI A n . By 
the IH, there is a finite sequence d' such that 

• d! is a node of each cv, (a), and 

• d' is a leaf of a, (a) for some 1 < z'o < n. 

Clearly, the sequence a:d' is a node of each S, = (A{, 0,), and is a leaf of S, = 
(A/ ,ct, ). Done. □ 

Corollary 3.5.2. Let n > 1. Let Jibe a collection that has the n-intersection 
property: 
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for any A\, . . . , A„ e J{, the intersection A\ n . . . PI A n is nonempty. 
Then, given sights Si, ... , S„ on J{, there is a finite sequence d such that 

• d is a node of each S,, and 

• d is a leaf of some S ; . □ 

Lemma 3.5.3. Let S be a sight, and let d = {x\,. . .,x n ) be a sequence that is a 
node of both S and X. Suppose that some z is r-defined on both S and T. If d is 
a leaf of, say, S, then it is a leaf of T. 

Proof. By induction on n. The case n = 0. Then S = Nil, so z = (0, _), so T = Nil 
as well, so d is a leaf of b. The case n > 0. Then S is some (A, a) and T is some 
(B, t). The length n - 1 sequence (*2/ ■ • ■ / *n) is a leaf of a(x\) and a node of z{x\), 
so by the IH it is a leaf of t{x\). It follows that (x\, . . ., x n ) is a leaf of (B, t). 
Done. □ 



3.5.2 Comparisons between the examples O ^. 

We wish to establish strict inequalities between the examples First we 
observe the following. 

Calculation 3.5.4. Let 1 < 2m < a < co. We have <9£ < mo 

Proof. In the following, a 'co-rc-ton' means a co-n-ton in a. 

To have < mo , we need ih V co - m -ton^3 co . m + i_ ton B(B — » A). In fact, id realizes 
this; if a\A' is a co-m-ton, choose any m + 1-ton B' Q a with A' c B', then a\B' 
is a co-m + 1-ton and id II- a\B' — > a\A' . 

We now show ^ mo . Suppose, for contradiction, that some 

"Y "~ ^co-m + l-ton^-3 co _ m _ ton B(B — » A). 

Then Im(y) PI a must contains at least m + 1 values; for if not, say Im(y) n a = 
{vi, Vk) with k < m, choose any m + 1-ton A' Q a with {v\, . . . , u; c ) Q A', then 
y Ih B — > a\A' for some co-;7?-ton B, so y : B — > a\A' c . . . has in 

Im(y) n a more than {pj, . . . , ^^j, a constradiction. 

Choose m + 1 distinct elements »i, . . . , in Im(}') n a. Then there is an 
m-ton B'ca such that y : a\B' — > a\{^i, . . . , J?, n +i). But then y(B') must contain 
ci, . . . , c„,+i, which is impossible as |y(B')| < \B'\ = m < m + 1. Done. □ 

Naturally, we wonder whether we can refine this and have 0^ n <\ 0" m+l . 
First we should notice that for a = co the examples 0^ n collapse w.r.t. <i , as 
follows. 

Calculation 3.5.5. Let 1 < m < co. We have G{ > Xo 0%. (Hence z lo 0%.) 

Proof. To establish this, we construct a partial computable function C : N* — ^ N 
and for each A e 0% a (C, O", A)-supporting sight. Our construction will be a 
kind of diagonal arugment, as the reader will notice. 

For 1 < i < m, we shall denote by n"' the 'projection' function N — > N : 
(x\, . . ., x m ) i-> x,-. Given ax, ... , a m e N, define a set 

S fll „„, = {(ex, . . .,c p ) e N* | p < m & VI < i < p(c, ^ n^fl;)}, 
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which is evidently a well-founded tree. On the other hand, there is clearly a 
partial computable function C : N* — N satisfying for each (c\, ...,c„) e N* the 
condition 

[<1,0> if p < m 

\{Q,(ci,...,c m )) if p = m. 



C(Cl, ■■■,€„) = 



We now show that for a\, . . . ,a m £ N, the sight S ax ,..., a ,„ is(C,<9", N\{ai, . . . ,a m })- 
supporting. Let (ci, ...,c p ) e S fll/ .. .,„,„. If (ci, ...,c p ) is a non-leaf, then p < m, 
so C(ci, • • • , c p ) = (1, 0), as desired. If (ci, . . . , c p ) is a leaf, then p = m, so 
C(ci,...,c p ) = <0,(ci,...,c m )>. We need that <ci,...,c,„) £ {ai,...,a m }. Sup- 
pose, for contradiction, that for some 1 < i < m we have fl, = (ci, . . .,c m ). As 
(ci,...,c m )e S«i „,„, we have 

c,9t 7I ;»(fl ( ) = 7T ;»((c 1 ,...,c„,)) = Ci, 

an absurdity. This proves that S fll . . /flnl is (C, 0", N\!«i, . . . , fl m })-supporting. 

Let us spell out how this applies to our situation. Let A e O^. Then we 
may write A = N\{«i, ...,a m \. Therefore we have a (C O^, A)-supporting sight, 
namely S flli . We are done. □ 

The situation becomes interesting for a < (o. The following proposition, 
which belongs to the realm of the intersection property machinary we have 
built above, allows us to establish 0^ n ~£\ Cf m+1 for almost all m. 

Proposition 3.5.6. Let Ji,Se PPN, and let n > 1. Suppose that 

• J?I does not have the ^-intersection property, while 

• S has the n-intersection property. 
Then m. £\ S. 

Proof. Suppose, for contradiction, that some z e Wa€^o' s (A). Since J{ does not 
have the M-intersection property, we can choose A\, . . . ,A n e J{ with A\ D . . . n 
A n = 0. Choose, for each 1 < i <, n, a (z, S, A,)-dedicated sight S ; . Since 23 
has n-intersection property, there is a sequence d that is a leaf on each S ; . So 

z[ii] e O A,- = 0, an absurdity. □ 

i 

Proposition 3.5.7. Let 1 < 2m < a < co. The ceiled number \a/m \ is the least 
number d for which there are d sets in with empty intersection. 

Proof. Elementary reasoning. □ 

Calculation 3.5.8. Let 1 < 2m < a < a. Suppose \a/(m + 1)] < [a/m]. Then 

/■yn+l > /ira 
C/ a & G U a . 

Proof. Let ii = \a/(m + 1)], i.e., the least number d for which there are d sets in 
CF l+1 with empty intersection. Let A\,...,A A e Cf m+1 with P| A; = 00 But 

l<i<d 

(9", has n-intersection property. So the Proposition 13.5.61 applies, and we have 

or 1 6c o?. □ 



8 For example, one can take A, = N\{n 6 N | (i — l)(m + 1) < n < t * fyn + 1)}. 
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Open Problem 3.5.9. Refine this: do we have 0^ n+l 0% for all 1 < 2m < a < 

CO? 

Next, instead of varying the subscript m in the exmaples Q x m , we can try to 
vary the superscript a. First we notice that increasing a means going lower in 
the order (< m o and) <i , as follows. 

Calculation 3.5.10. Let 1 < 2m < j8 < a < oj. We have 0* < mo (f m . 

Proof. It is easy to see that id lh VA e 0? n 3B e Cf m {B A). □ 

Calculation 3.5.11. Let 1 < 2m < a < oj. We have OP t\ O^. (Hence CP < lo 

Proof. Let n = \0% l \, which is finite. Clearly OP has Ji-intersection property, and 
P| OP = 0. So by Proposition|3321 we have '^i ', as desired. □ 

Calculation 3.5.12. Let 3 < a < co, and let 2m < a. We have 0£ m t\o 0%. 
(Hence OP™ < lo O%.) 

Proof. Put d = \ajm\. Then (9", contains « sets whose intersection is empty, 
while 0'" +m has the ^-intersection property. Therefore by Proposition 13 .5 . 61 we 
have %\ '. □ 

Open Problem 3.5.13. Refine this: do we have O 1 ^ 1 & O ^? 

Open Problem 3.5.14. Even if the last two questions are answered "as de- 
sired", so that all the 'horizontal' and 'vertical' <i -inequalities in the triangu- 
lar matrix (Of n | 1 < 2m < a < co) are strict, it remains unknown how two 
non-horizontal&non-vertical entries compare to each other. For instance, for 
1 < m < n, how do 0* n+1 and Oj, n+1 compare? 

Open Problem 3.5.15. Take two entries from the matrix (Of„), and consider 
their join and their meet. What do we get - again some 0) n ? (Bear in mind that 
given ^l,Se PPN their <i -join is ft © S, which is finite if ft, S were finite.) 

3.5.3 The example O w is an atom among the basics 
Proposition 3.5.16. OP is the least basic topology > id. 

Proof. We have OP > io _L, because H Of{ - 0. 

Let ft e PPN be such that ft >i ±. To have OP <\ ft, it suffices that 
OP < mo ft, i.e. that 

H V„ eN 3 A €^(A -» N\{n}). 

But id realizes this; given n e N, since H^I = 0, we can choose A e ft with 
n g A. Done. □ 

Remark 3.5.17. However, O^ is not an atom in (PPN N , <i ): if it were so, then 
for any D c N non-recursive we have OP <i ps, which is impossible. 

Open Problem 3.5.18. Is there the least topology > id? 
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3.5.4 The topologies 0" n do not add effective sets. 

Proposition 3.5.19. Let 1 < 2m < a < co (as always). Let D c N. If D is effective 
in 0^ n , then D is recursive. 

Proof. Let us first do some prepatory work. Choose a partial computable func- 
tion / : N — >■ N subject to the following action. 

Let(i,x) e N. 

Iff = 0, then/«z',x)) = x. 

If i = 1, then, writing x - (_,e), find (with some algorithm) distinct 
fl„,+i e awithe(fl 1 ),... ; e(fl m+ i)|and/(e(fli)) = ... = f(e(a m+1 )), 
and (if found) put/((z',x)) = /(e(«i)). 

We show the statement 

For every sight S, for every (z, x) e N, 
if S is «z, x>, {j D (n)})-dedicated, (3.13) 
then f((i, x)) is defined and is equal to Xo{n)- 

by induction on S. 

The case S = Nil. Then, since S is {{i,x),0^ n , {x D (zz)})-dedicated, W e have 
z = and x e {^d(w)}. So, by definition of /, we have f({i, x)) = A'd(w) as desired. 

The case S = (A, a). We have i = 1, and x = (_, e) for some e e N. As 
2;7? + 1 < a, we have ;7? + 1 < a - 77L So, since A e Of n , we have ?n + 1 < |A|. For 
any a e A, we have e(fl)| and, by the IH, f(e(a)) = Xo(n). Let at,..., a m +i e a as 
in the definition of /, so that e(fli), . . . , e(a m +iU and f{e{a\)) = ... = f(e(a m+ i)). 
Since A contains all but m elements in a, there must be some 1 < z'o < wz + 1 such 
thata !o e A. So, by definition of /, we have /((z, x)) = f{e{a\)) = f(e(a l0 )) = Xd(w), 
as desired. Induction complete. 

Let us now show the Proposition. Assume pu <io 0" n . Take y h Vzz e 
N.{n} lo^, ({xs(n)})- From 15331 it follows that 

for all z e lo^« ({xd(")}) we have f(z) = Xo{n). 

Therefore the computable function / o cpy is the characteristic function of D. So 
D is decidable. We are done. □ 

3.6 The example T* 

3.6.1 More on sights: sectors 

Definition 3.6.1. A sight S is a sector of a sight T when, by induction on S, 

• if S = Nil, then T = Nil, 

• if S = (A, a), then T = (B, t) with A c B and for each a e A the sight o(a) is 
a sector of x(«). 

A sight S is finitary when, inductively, 

• if S = Nil, then always, 

• if S = (A, a), then A is finite and for each a e A the sight <r(a) is finitary. 
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For n e N, a sight s is full rc-ary when, inductively, 

• if S = Nil, then always, 

• if S = (A, a), then |A| = n and for all a e A the sight o(a) is full n-ary. 

Lemma 3.6.2. Let n e N, and let J{ e PPN such that each Ae^ has at least n 
elements. Then a sight S on J{ has a full n-ary sector. 

Proof. By induction on S. 

The case S = Nil. Then S is a full «-ary sector of itself. 

The case S = (A, 0). By the premise, one can choose a n-elements subset B 
of A. For each b e B, by the IH, one can choose a full n-ary sector t{o) of cr(fl). 
Then (£>, t) is a full n-ary sector of (A, 0) = S. Done. □ 

Proposition 3.6.3 (Konig's Lemma^l for sights). A finitary sight S has only 
finitely many nodes. 

Proof. By induction on S. 

The case S = Nil. Then the empty sequence () is the only node of S. So good. 

The case S = (A,o). For each a e A, let v(a) be the number of nodes of o(a), 
which is finite by the IH. Then v(a) is the number of nodes of (A, o) with first 
component equal to a. Since the nodes of (A, a) are the empty sequence () and 
for each a e A the sequences a:d with d a node of o(a), we have that the number 



Corollary 3.6.4. Let S be a finitary sight, and let 2 e N be r-defined on S. Then 
the r-image z[S] is finite. 

Proof. Clearly, S has only finitely many leaves. So by the definition of r-image, 



3.6.2 Comparison to the 0? n 

We prove that the example T* is incomparable (w.r.t. <\ ) to Of n (a < co). A 
special case of this result, namely the incomparability of the collections |N 
and {{0, 1}, {1, 2}, {2, 0}), was provided as an exercise to the author by Jaap van 
OostenH 

Calculation 3.6.5. Let 3 < a < co, and let 1 < 2m < a. We have T* £i Q O^. 

Proof. Suppose, for contradiction, that some z e V As ^.lo^, (A). Choose a 

(z, (y m , N)-dedicated sight S. Each B e has at least m + 1 elemental so S hafl 
a full (m + l)-ary sector S', which is clearly (z, jthe m + 1-tons c a}, N)-dedicated. 
Note that the image z(S') isH finite. Choose a (z,(9^,N\z(S'))-dedicated sight 
T. Since 

• the sight S' is on jthe m + 1-tons c a] 

19 But in our case the proof is constructive. 

20 This problem was the trigger for the author to formulate sights and define the collections Of n . 
21 by the assumption 2m < a 
22 See Lemma l3lT2l 
23 See Corollary|3^4] 




□ 



z[S] is finite. 



□ 
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• the sight T is on 0^ n , 

• {the m + 1-tons c a] and 0) n have the joint intersection property, 

there i0 a sequence d that is a node of both S' and T and a leaf of one of them. 
But since z is r-defined on both S' and X, the sequence d must b^f| a leaf of both 
S' and T. Therefore z[d] e z[S'] n z[T] c z[S'] n (N\z[S']) = 0, an absurdity. □ 

Calculation 3.6.6. Let 1 < 2m < a < co. Then 0%, i lo T*. 

Proof. Clearly T* clearly has \0" n [-intersection property. Moreover C\ Cf m = 0. 
So Proposition l3.5.6l applies, and we have %\ '. □ 

Proposition 3.6.7. Let e PPN and ti\, . . . , n* 6 N such that J{\ has 

n,-intersection property for each 1 < i < k. ThenjTli®. . .0J^t hasmrn(ni, . . . , m)- 
intersection property. 

Proof. By means of induction, it suffices to show that if J{ e PPN has n- 
intersection property and S e PPN has ^-intersection property then J\ © £ has 
min(n, m)-intersection property. Let (A\ A B\), . . . , (A min („ „-) A B min („ <H ')) e J?T © S. 
We can choose some a £ A\ n . . . n A min (, M ,') and some & e Bi D . . . D Bmin(n,n')- 
Then (a, Z>) e (Ai A Bi) n . . . n (A^,,,.) A Bnun^j). Done. □ 

Calculation 3.6.8. Let 1 < 2m < a < cu. We have 0£ Vi 7""* <i 

Proof. Since -i-i is an upper atom in (PPN N , <i ), it suffices to show that -i-i & 
© T* . Since (9", as well as T* has 2-intersection property, so does 0) n © !F*. 
By Proposition 13321 we have = {{0), {1}} & 0? n © T* as desired. □ 

Calculation 3.6.9. Let 1 < k e N. We have \J <9^" +1 < lo 

l<m<S: 

Proof. Each has 2-intersection property, so ®\< m <ktf"' +1 does. By Propo- 
sition [3331 we have \J = ®\< m <kOm' +1 &o Therefore we have '<i '. □ 

\<m<k 

Proposition 3.6.10. Let n > 1, and let S e PPN have M-intersection property. 
Let . . . , J{ k e PPN (k > 1) be non-empty collections such that some J{\ does 
not have n-intersection property. Then 3\\ © . . . © J{ k & S. 

Proof. Without loss of generality, assume that J?Ti does not have n-intersection 
property. Choose Z 1; ...,Z„ 6 with Zi n ... D Z„ = 0. Choose A 2 e 
J?l2/ • • ■ / A* e ^Tfe. Then the n-sets (Zi A A 2 A . . . A At), . . . , (Z„ A A 2 A . . . A A k ) 
clearly have empty intersection. So J{\ © ... © J?l/ C does not have n-intersection 
property. Therefore by Proposition l3.5.6l we have '£\ '. □ 

Calculation 3.6.11. Let 1 < k e N. We have V 1 <,„< i C^" +1 & T*. 

Proof. The collection "F* has 3-intersection property, but 0\ does not have 3- 
intersection property. Therefore Proposition 13 .6 . 1 Ol applies , and we have '^i '. 

□ 

24 by Lemma l33H 
25 by Lemma l3331 



70 



Open Problem 3.6.12. Can we (mimic the proof of Proposition 13.6.51 to) show 
that 

T* ii &i< m < k Ol 1+1 ? (3.14) 
3.6.3 Arithmetical sets are effective in T* 

In this subsection, we prove that any arithmetical set is effective in T* . This 
problem was suggested to the author by Jaap van Oosten. Clearly it suffices 
to show that for each teN every FL-set is effective in T* . Let D c N, and let 
<p(xo, x\, . . . , Xjt) be a Ao-formula such that for all neN, 

n e D if and only if N |= Vxi3x„ • • ■ Vxk-\3xk(p(n, x\,..., Xk). 

We present the proof that D is effective in T* , as follows. 

Notation 3.6.13. Let (X, R) be a poset. Let S be a set of finite sequences in X, i.e. 
S c X*. We denote by (S,R\ ex ) the lexicographic order induced by (X,R). 

Proposition 3.6.14. Let (X,R) be a poset, and let S c X*. If(X,R) is a total order, 
then so is (S,Ri ex ). If(X,R) is a well-order, then so is (S, Ri ex ). 

Proof. Elementary reasonings. □ 
Definition 3.6.15. Let T c N*. We define a relation < on T by 

t < f <=> len(f) < len(t'), or len(f) = len(f') and t < lex t'. 
This relation is a well-order. 

Proof. Clearly, the relation (T, <) is reflexive, antisymmetric and transitive. 

Let us prove that (T, <) is total. Let t,t' e T, and suppose that not t < t'. 
Then len(f) > len(f'), and either len(f) + len(t') or t >i ex t' . If the former is 
the case, then len(f) > len(t'), so that t > t' . If the former is not the case, i.e. 
len(f) = len(f'), then the latter must hold, i.e., t >i ex t', so t > f as well. This 
proves the totalness. 

Last, we show that any non-empty S c T has a least element. Let m = 
minjlen(s) | s e S}, and consider the 'level m subset' 

So = js e S | len(s) = m) 

of S. The set So is clearly non-empty, so has a least element sq w.r.t. the well- 
ordering <i ex . Clearly so < s for all s e S, so So is a least element of (S, <). This 
proves the well-orderedness. We are done. □ 

Notation 3.6.16. Let S c N*. For m e N, we write S <m = {s e S | len(s) < m). 
Suppose that S is a tree. For s e S, we write isLeaf(s) if s is a leaf. We write 
lLeaf(S) for the least leaf of (S, <). 

Construction 3.6.17. Let s = (ci,...,c p ) e N*. We define a finite tree T s , as 
follows by induction on p. 

T Q = {()} 

T( Cl ,...,c p ) = T (C1 Cm) U {lLea^T^,...,^)):* | < x < c p }. 

We define the stage of s, denoted stage(s), to be the least length of a leaf in the 
tree T s . 
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Definition 3.6.18. Let n e N. Let (d\, ...,d q ) e N* with q < k. We define a 
number b n (d\, . . . , d„) e N as follows. 

(i) If q is odd and N |= 3x a +i Vx 9+ 2 • ■ ■ 3**</>( n ' d a , . . . , d ?/ . . . , a;*), 
let b n {d\, . . ., d a ) be the least y such that 

N |= Vxq+2 . . . Vx k -i3x k cp(n, di,..., d q , y, x q+2 , x k ). 

(ii) If q is odd and N fc£ Bx ?+ i Vx g+2 . . . 3x k <p(n, d\,..., d q , x q+ \, x k ), 
let b n {d l ,...,d q ) = 0. 

(iii) If q is even and N (= Vx q+1 3x q+2 . . . Vx k -\3x k §{n, d\,..., y q , x q+lr x k ), 
let b n {d\,...,dq) = 0. 

(iv) If q is even and N ft Vx q+ i3x q+2 . . ■ Vx k -i3x k (p(n, d\,..., y q , x q+ \, x k ), 
let b„(i, ...,da)be the least y e N such that 

N fe£ 3^+2 • ■ • Vx k -i3x k §{n, d\,..., d q , y, x q+2 , x k ). 

Construction 3.6.19. Let n eN. We define S„ c N*, by the following inductive 
clauses. 

• e s n 

• Provided {c\, . . . , c p ) e S„, we have (cj, . . . , c p/ c p+ i) e S„ if 

- stage(ci, ...,c p )<k, and 

- fc n (lLeaf(T (ci Cp) )) < c p+1 . 

We claim of this construction the following properties. 

(a) S„ is a sight on T* . 

(b) The assignment (n e N,s e S B ) h (isLeafs„(s) e 2) is effective. 

Proof, (a) Clearly, S„ is a tree on T* ■ It remains to prove that the poset (S„, <) has 
no infinite chain. Suppose, for contradiction, that there is a sequence (c, | 1 < l) 
such that (c\,...,Cp) e S„ for each peN. 
We show the statement 

For each <m <k, there is p e N such that stage(ci, . . . ,c„) = m. (3.15) 

by induction on m. 

The case m = 0. Clearly stage() = 0, as desired. 

The case m > 0. By the IH, there is r e N such that stage(ci, . . . , c r ) = m — 1. 
Let d be the number of length m — 1 leaves in Ti Cl Cr y It is easy to se^3 from 
the definitions of S n and of T(_) that stage(ci, . . . , c r+ d) = m. This proves (|3.15t . 

By l|3.15l l, there is p e N such that stage(cj, . . . , c p ) = k. Since {c\, . . . , c p , c p+ \) e 
S„, we have by definition of S n that T( Cl r ,. jCp ) has a leaf of length < k, a contradic- 
tion. We conclude that S„ is a sight. 

(b) Convince yourself of this by understanding the definition of S„. □ 

Definition 3.6.20. Let neN. Let s = {c\, ...,c p ) e S„. Let f = {d\, d q ) e T s 
with < stage(s). 

26 but not very short if you work out formally 
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(a) There is unique r <p with t - lLeaf(T( Cl/ ., yC) .)). 
Define c„ /S (f) = c r+ i0 

(b) Wehaveb„(t) < c s (t). 

(c) The assignment (n e N,s e S„,t e T< stage(s) ) h-> (c n<s (f) e N) is effective. 



Construction 3.6.21. Let n e N, and let s e Lvs(S„). We are about to construct 
an ordinary predicate t HjS on T s . For (dj, . . . , d q ) e T s , we define T nfi (d\, . . . , d q ) = 
true if, by induction on k — q, 

(case g = fc) N |= (p(n, d 1/ ... / d k ), 

(case <j < k odd) there is y < c s (di, ...,d q ) with T n ,s{d\, ...,d q , y), 
(case <j < fc even) for all y < c s (di, . . . , d, ; ) one has t„ /S (c/i, .. .,d q ,y). 
We claim of this construction the following properties. 

(flj We fezue t„ jS () = A"d(w)- 

(W The assignment (neN,se Lvs(S„),f e T s ) i-> (T„ jS (f) e 2) fs effective. 
Proof, (a) We will prove the statement 



by induction on k — q. The goal statement follows from this statement, as then: 
T H ,sO if an d only if N (= VxjBx2 ■ ■ ■ Vx;t_i3%jt<£(n, ^1/ • ■ • / ^/c) if and only if n e D. 

Let us carry out the induction. The case q - k is immediate. 

The case q < k odd. 'if': Write y = b(d\,. . .,d q ). By Definition l3.6. 181 clause 
(i), we have N |= Vx q+2 . . . 3xk(p(n, d\,..., d q , y, x q +2, Xk). By the IH, we have 
T n , s (di, ■■ - ,d q ,y). By the claim (b) in Definition l3.6.2CH y < c s {d\, ...,d q ). There- 
fore T„, s (rfi, . . .,d q ) holds, as desired, 'only if: Choose y < c s (d\, . . . ,d q ) such 
that T yjdt, ...,d q , y). By the IH, N |= Vx q+2 . . . 3x k (p(n, d x ,..., d q , y, x q+2 , ...,x k ). 
Thus J3.16II follows immediately, as desired. 

The case q < k even, 'if: Let y < c s {d\,. . .,d q ). By (13.161 1, we have N |= 
3x q+2 ■ ■ ■ Vx k -i3x k (p(n, tii, ... , d q , y, x q+2 , . . . , x k ). By the IH, we have %{d\, ...,d q ,y) 
as desired, 'only if: We prove the contrapositive. Write y = b(d\, . . . ,d q ). 
As we have the negation of (13.16b , we have by Definition 13.6.181 clause (i) 
that N \fc 3x q+ 2 . . . VXk-\3Xk<p(n, A\, . . . , d q , y, x q+ 2, . ■ ■ , Xk). By the IH, this means 
that ->t(<2i, . . .,d q , y). But by the claim (b) in Definition 13.6.201 we have y < 
c s (d\, . . . , d q ). It follows that -ix(d\, . . . , d q ), as desired. Induction done. 

(b) Convince yourself of this by staring at the definitiorQ of T„ /S (t), using 

• that formula <ft is Ao, and 

^Alternatively, we could define c, hs (t) = max(Out7 ( (f)). But the description we have taken 
allows us to have the core property (b) immediately. 
28 which is in fact designed for this to be clear 



Proof. All by definition of S„. 



□ 



For all (t?i, . . . , dq) e T s , we have T„ /S (di, . . . , d q ) if and only if 

N |= 3x q+ \ix q+ 2 ■ ■ ■ Vx k -\3x k (p(n, d\,..., d q , x q+ \, ...,x k ) if q is odd 
N |= Vxq + \3xq + 2 ■ ■ ■ Vx k -\3x k (p(n, d\, ... , d q , Xq+i, . . . , x k ) if £7 is even. 



(3.16) 
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• tha^the mapping (neN,se Lvs(S„), t e Tf) i-> (c n , s (f) e N) is effective. 



(a) The function e„ : S n — > N z's computable. 

(b) The assignment (neN)n (e„ e N s ") z's computable. 

(c) e„ lh 1o^,({a-d(m)}). 

Proof. For (a),(b), it suffices that the assignment (n e N,s e S H ) h-> (e„(s) e N) is 
effective. Convince yourself of this by staring at the definition of e n (s), using 

• tha^the assignment (neN,s£S„)H (isLeaf s„(s) e 2) is effective, and 

. thaS the assignment («eN,se S„) i-» t„ ;S () is effective. 

(c) To this end, we show that the sight S„ is (e,,,^*, {xD(w)})-supporting. If 
s e S„ is not a leaf, then stage(s) < k, so e n (s) = (1, 0), as required. If s e S„ is a 
leaf, then stage(s) = k, so e„(s) = (0, t„, s ()) = {0,XD(n)), as required. This proves 
that S„ is (e„, T* , {xD(")))-supporting, as desired. □ 

Theorem 3.6.23. D z's effective in f* . 

Proof. By the previous lemma, we have £(_) lh Vn N .{«) => 1o^,({xd(w)}). □ 
Open Problem 3.6.24. Two related questions: 

• (Jaap van Oosten) Are only the arithemtical sets effective in ^F*? 

• Consider the arithmetical degree A*, and choose D e Aj. Trivially we 
have T* pD- How about po <k> r f r * 7 - 



See the claim (c) in Definition l3.6.20l 
See the claim (b) of Construction 13.6.191 
See the claim (b) of Construction ^, 6,2ll 



We are done. 



□ 



Lemma 3.6.22. Let n e N. Define a function e„ : S„ — > N by 




(1, 0) if stage(s) < k, 

(0, 0) if stage(s) = k and t„, s (), 

(0, 1) if stage(s) = k and not t„, s (). 
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